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7 Abstract 
There  has  been  a  recent  revival  of  interest  in  the  design  of  fast-acting  solenoid  actuators.  This 
is  due  to  the  emergence  of  new  control  applications  in  the  automotive  industry  constrained  by 
tighter  emission  and  noise  regulations.  In  the  context  of  developing  a  rapid  computer-aided 
design  tool  for  such  applications,  the  thesis  proposes  several  methods  for  computing  the  static 
and  dynamic  electromagnetic  performance  of  solenoid  actuators  with  a  particular  attention 
given  to  two  actuator  types  :  an  axisymmetric  and  a  rectangular  solenoid  actuator  with  a 
flat-faced  armature. 
The  magnetostatic  performance  of  both  actuator  types  is  first  evaluated  by  developing  a  de- 
tailed  magnetic  equivalent  circuit  in  which  the  actuator  geometry,  saturation  and  end-effects 
are  all  taken  into  account.  A  comparison  of  the  analytical  model,  based  on  the  computation 
of  the  magnetisation  characteristics  and  static  forces  for  several  airgap  lengths,  is  given  with 
finite-elements  and  measurements. 
In  order  to  increase  the  computational  speed  of  the  static  performance,  the  concept  of  mag- 
netic  gauge  curve  is  presented.  It  is  shown  that  this  approach  is  in  principle  valid  for  any 
type  of  variable  reluctance  machine.  Although  the  complexity  of  the  gauge  curve  expression 
varies  significantly  from  one  device  to  another,  it  is  shown  that  this  method  is  an  efficient 
way  to  store  the  magnetic  data  for  a  rapid  computer  aided-design  or  a  real  time  application. 
When  applied  to  the  two  previous  types  of  solenoid  actuator,  it  also  leads  to  a  very  fast  and 
accurate  static  force  computation. 
The  dynamic  performance  of  the  solid  iron  actuators  requires  the  evaluation  of  the  magnetic 
damping  due  to  eddy  currents.  Based  on  a  1D  model  of  the  flux  and  eddy  current  diffusion 
within  an  iron  bar,  an  electromagnetic  equivalent  circuit  of  the  axisymmetric  is  derived,  in 
which  the  material  nonlinearity,  armature  movement  and  eddy  currents,  a  function  of  the 
previous  parameters,  actuator  geometry  and  driving  conditions,  are  modelled.  A  dynamic 
model  of  the  partly  solid  iron  rectangular  actuator  is  also  proposed  and  evaluated.  In  both 
iii cases  a  comparison  of  the  transient  current  and  force  waveforms  with  2D  or  3D  finite  elements 
and  measurements  is  given  under  various  driving  conditions. 
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xxviii Chapter  I 
Introduction 
1.1  Background 
Increasingly  stringent  U.  S.  and  European  engine  noise  and  emission  regulations  have 
necessitated  technological  advances  in  fuel  and  combustion  systems.  Engine  manufac- 
turers  have  to  produce  products  that  meet  these  regulations  but  also  provide  the  end 
user  with  improved  performance,  driveability,  reliability  and  cost.  Diesel  fuel  injection 
equipment  has  made  and  is  set  to  continue  to  make  a  major  contribution  to  reduc- 
ing  particulate  emissions  by  reducing  nozzle  hole  diameters  and  increasing  injection 
pressures  to  mix  the  fuel  and  air  in  the  combustion  chamber  more  rapidly.  However 
as  injection  pressures  rise,  improving  the  refinement  of  the  engine  becomes  even  more 
challenging.  For  example  in  noise  reduction,  refinement  has  been  analysed  to  deter- 
mine  what  contributions  can  be  made  by  modification  to  the  fuel  injection  equipment. 
Apart  from  minimising  mechanical  noise,  positive  contributions  can  be  made  by  pilot 
injection  and  injection  rate  control  to  reduce  combustion  noise  [2].  However  initial  rate 
of  injection  control  becomes  more  difficult  as  the  mean  injection  pressure  increases. 
Due  to  its  advantages  in  terms  of  fuel  economy  and  power  density  compared  to 
indirect  injection  concept,  an  increasing  number  of  passenger  cars  are  today  powered 
with  high  speed  direct  injection  diesel  engines.  The  increase  in  the  application  of 
this  technology  to  passenger  cars  combined  with  the  low  emission  regulations  raise 
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the  requirement  for  more  flexible  and  fully  electronic  controlled  high  pressure  fuel 
injection  equipment.  By  controlling  injection  timing,  injection  pressure  and  rate  of 
injection  by  multiple  injection  strategy,  a  common  rail  injection  system  is  said  to  be 
capable  of  achieving  a  level  of  performance  and  driving  comfort  for  Diesel  cars  similar 
to  that  for  petrol  powered  models  with  significant  improvements  in  fuel  economy  and 
low  exhaust  emissions  [3].  An  example  of  injector  design  developed  by  Lucas  Diesel 
Systems  for  a  rail  system  is  shown  in  figure  1.1  . 
The  opening  of  the  nozzle  is  achieved 
by  electrohydraulic  control.  When  the  fast-acting  solenoid  actuator,  shown  more  clearly 
in  fig.  1.2,  is  energised  via  the  electronic  control  unit  (ECU),  the  control  valve  leaves  its 
seat  and  the  needle  control  chamber  pressure  drops  suddenly.  Since  the  fuel  pressure 
at  the  nozzle  seat  remains  equal  to  the  rail  pressure,  the  needle  opens  and  the  injection 
begins.  By  stopping  the  electrical  pulse,  the  actuator  magnetic  force  starts  to  decay 
and  the  injection  will  stop  when  the  control  valve  returns  to  its  seat  due  to  the  solenoid 
spring  force.  The  minimum  pulse  duration  required  to  open  the  nozzle  is  a  function  of 
the  coupled  electric,  mechanical,  magnetic  and  hydraulic  time  constants  corresponding 
to  this  injector  assembly.  Increasing  the  dynamic  range  of  injection  therefore  involves 
minimising  this  overall  injector  response  delay  to  an  ECU  electrical  pulse. 
The  technical  advances  in  fuel  and  combustion  systems  also  include  the  replacement 
of  the  mechanical  control  from  a  camshaft  of  the  engine  exhaust  and  inlet  valves  with 
electrohydraulic  power  managed  by  an  electronic  control  unit.  This  gives  complete 
control  over  all  valve  motion  parameters  and  therefore  increases  the  fuel  economy  and 
the  lower  gaseous  and  particulate  emissions  [4].  Similar  technological  developments 
have  also  been  undertaken  for  the  petrol  engines  [5]. 
The  general  trend  in  replacing  mechanical  control  with  an  equivalent  electrohy- 
draulic  system  will  affect  more  and  more  automotive  components;  and  the  existing 
products  already  require  significant  refinements  for  dealing  with  competition  and  po- 
tential  changes  in  exhaust  and  noise  regulations.  As  the  products  are  often  destined 
for  mass  production,  the  design  developments  are  usually  driven  by  material  and  pro- 
duction  costs,  often  with  demanding  requirements  for  compactness.  The  design  op- 
timisation  is  in  itself  becoming  more  and  more  difficult  due  to  the  constant  increase CHAPTER  1.  INTRODUCTION 
in  dynamic  requirements.  The  conventional  design  approach  based  on  building  proto- 
types  is  therefore  no  longer  worth  considering  alone  for  optimising  the  strongly  coupled 
electric,  magnetic  and  mechanical  subsystems  characterising  for  example  the  dynamic 
response  of  an  electrohydraulic  controlled  injector. 
In  the  HEUI  injector  development,  Caterpillar  recognised  the  need  for  computer 
aided-design  and  increased  the  resources  devoted  to  this  analysis  between  a  third  to 
a  half  of  their  development  program  manpower  [6].  For  example,  the  complex  fluid 
flow  characteristics  in  the  injector  were  studied  using  3D  CFD  tools  and  the  results 
were  fed  into  simpler  1D  analysis  models  which  could  be  more  easily  combined  with 
the  models  of  the  other  subsystems.  An  unexpected  result  from  their  analysis  was  that 
the  tolerances  could  be  loosened.  The  overall  study  resulted  in  fewer  iron/test  cycles, 
minimised  development  time  and  reduced  costs. 
Because  mechanical  engineers  were  for  years  the  only  ones  in  charge  of  the  design 
of  automotive  components,  design  optimisation  was  first  applied  to  the  mechanical  and 
hydraulic  subsystems.  The  electromechanical  part  was  often  modelled  with  extremely 
simplified  linear  models.  However  to  properly  design  a  fuel  injector  for  use  in  high-speed 
engine,  one  must  carefully  analyse  the  various  factors  that  influence  its  performance. 
Therefore  the  need  for  more  accurate  models  of  especially  fast-acting  solenoid  actuators 
has  appeared  in  the  last  decade. 
Figure  4.22  shows  an  example  for  such  a  solenoid  actuator  developed  by  Lucas 
Varity  for  a  heavy  duty  truck  engine  injector.  Because  of  the  requirement  for  power 
delivery  and  because  the  actuator  must  interface  mechanically  with  the  system  being 
controlled,  actuators  are  usually  purpose-built  and  may  vary  significantly  from  one 
application  to  the  another.  In  this  case  the  actuator  core  is  made  of  thin  E-shaped 
laminations  of  grain-oriented  Unisil  steel.  The  solid  iron  armature  contains  many 
holes  to  enable  the  assembly  of  the  actuator  and  to  allow  for  fuel  flow.  The  transient 
performance  of  such  actuators  has  been  carefully  assessed  using  time  stepping  3-D 
finite-element  analysis  and  also  through  testing  [7]. 
This  approach  contrasts  heavily  with  Smith's  general  method  for  modelling  the CHAPTER  1.  INTRODUCTION 
solenoid  injector  dynamics  [8].  In  order  to  simulate  the  coupled  electric,  magnetic  and 
mechanical  subsystems,  Smith  proposes  a  reluctance  model  for  the  actuator.  Although 
the  entire  flux  path  is  modelled,  the  method  can  lead  to  a  high  level  of  inaccuracy 
as  the  BH  characteristic  is  replaced  by  a  hyperbola;  the  current  in  the  winding  is 
computed  by  means  of  energy  consideration  increasing  the  error  sensitivity  to  the 
inaccuracy  of  the  mechanical  model.  The  magnetic  stored  energy  and  the  magnetic 
force  are  evaluated  from  linearised  expressions.  Also  iron  losses  are  not  modelled.  In 
[9],  Smith  replaces  the  reluctance  model  with  a  transient  finite-element  model  allowing 
for  armature  movement  and  eddy  current  generation.  However  this  approach  seriously 
compromises  the  trade-off  between  accuracy  and  computation  speed  in  favour  of  the 
former,  making  it  unsuitable  for  rapid  computer-aided  design. 
Several  authors  have  however  pursued  the  analytical  approach  for  evaluating  the  dy- 
namic  performance  of  fast-acting  solenoid  actuators  [10],  [l  1].  Some,  such  as  Karidis  [12], 
have  even  added  a  new  dimension  to  the  analysis  by  considering  an  analytical  model  of 
eddy  currents.  The  proposed  model  developed  for  an  E-core  type  solenoid  actuator  is 
capable  of  accounting  for  magnetic  saturation,  leakage,  eddy  currents  and  squeeze-film 
dynamic  fluid  effects  of  a  fuel  injector.  The  basis  of  the  model  is  a  lumped  reluctance 
network  which  consists  of  a  distributed  circuit  reluctances  and  magneto-motive  forces. 
The  leakage  reactance  is  estimated  at  different  gap  lengths  from  a  2D  finite-element 
analysis.  Eddy  currents  are  accounted  for  by  including  the  so-called  eddy  current  in- 
ductances  in  the  magnetic  reluctance  model.  The  inductance  expression  derived  from  a 
time  constant  retrieved  from  a  true  linear  analytical  solution  expressing  the  flux  decay 
within  a  thin  infinite  flat  plate  due  to  an  instantaneous  field  decay  in  the  surrounding 
air.  Only  the  plate's  dimensions  and  electrical  resistivity  appear  in  their  computa- 
tion.  This  model  agrees  well  with  static  and  transient  measurements.  However  it  is 
not  clear  from  the  results  whether  the  eddy  currents,  a  function  of  the  driving  condi- 
tions,  significantly  affect  the  actuator  performance  in  the  given  transient  curves.  The 
dynamic  simulations  (i.  e.  with  armature  movement)  show  in  many  cases  a  significant 
fluid  damping  effect. 
In  the  last  decade  the  advent  of  large  computing  facilities  has  also  lead  to  a  real CHAPTER  1.  INTRODUCTION  5 
breakthrough  of  the  general  purpose  numerical  tools  such  as  the  2D  and  3D  finite- 
element  and  boundary  element  methods.  The  success  of  these  tools  is  closely  linked 
to  the  level  of  accuracy  they  can  provide  compared  to  the  more  traditional  approaches 
such  as  the  magnetic  equivalent  circuit  method,  but  is  also  due  to  their  high  level  of 
flexibility  enabling  nearly  any  complex  geometry  or  transient  problem  to  be  accurately 
analysed.  These  advantages  are  certainly  outstanding  for  the  electromagnetic  analysis 
of  fast-acting  solenoid  actuators  considering  their  variety  in  configurations,  sizes  and 
design  requirements.  However  their  integration  within  a  practical  design  environment 
has  been  and  still  is  a  major  challenge  of  this  decade.  Indeed  the  actuators  are  usually 
fed  with  DC  voltage  in  contrast  to  the  numerical  methods  which  are  current  driven; 
while  the  dynamic  analysis  requires  the  simultaneous  computation  of  the  mathemat- 
ical  model  of  the  other  subsystems,  especially  the  mechanical  system  that  involves  a 
time  varying  gap  [13],  [14].  This  general  approach  is  essential  to  ensure  an  accurate 
evaluation  of  the  transient  magnetic  phenomena  such  as  eddy  currents.  The  high  level 
of  accuracy  obtained  by  such  a  computation  is  still  today  offset  by  the  problem  of 
the  time  required  for  computing  the  results  and  consequently  this  technique  is  not  yet 
suitable  for  repeated  design  trials. 
The  work  of  Lequesne  [15]  is  probably  an  attempt  to  remedy  this  problem  as  the 
author  tries  to  combine  the  advantage  of  both  analytical  and  numerical  methods:  the 
computation  speed  of  the  former  and  the  accuracy  of  the  later.  In  his  hybrid  approach 
the  flux  leakage  is  assessed  with  conventional  linear  lumped  reluctance  calculations;  and 
the  flux  distribution  in  the  iron,  a  function  of  the  eddy  current  density,  is  derived  from 
a  finite-difference  solution  of  the  field  equations  reduced  to  1-dimension  corresponding 
to  the  depth  of  penetration.  This  technique,  applied  to  a  cylindrical  flat-faced  plunger- 
type  and  disk-type  actuator  agrees  well  with  finite-elements  and  test  data.  However 
the  comparison  is  only  based  on  impact  excitations.  Also,  to  reduce  the  amount  of 
equations,  the  actuator  geometry  was  modified  such  that  the  iron  volume  is  reduced  to 
its  inner  cylinder  portion  but  characterised  by  a  length  equal  to  the  total  core  perimeter. 
This  assumption  may  be  partly  justified  by  the  fact  that  the  transient  behaviour  of 
the  actuator  inner  section  dominates  the  overall  actuator  transients  during  an  impact 
excitation  (as  it  will  be  shown  in  chapter  5).  However  the  eddy  current  distribution CHAPTET  1.  INTRODUCTION 
Figure  1.1:  Common  rail  injector  cross-section. 
(; 
inay  be  significantly  affected  by  such  a  simplification  and  could  lead  to  a,  differviice 
betweeii  couiptited  and  real  eddy  current  losses.  This  also  reduces  the  poteiaial  for 
gencralisation  of  the  proposed  approach  to  different  clectroniagiietic  cotifigura,  tions  or 
driving  conditions  (i.  e.  switch-off  transient). 
Althougli  the  digital  technology  is  evolving  very  quickly  it  is  often  recognise  that  the 
bottle  neck  in  using  the  numerical  tools  for  repeated  design  trials  is  iiiainly  the  limit,  III 
computing  power.  However  it  is  intcrcsting  to  note  that  1,11c  beliefit,  of'  faster  collipliters, 
will  be  equally  enjoyed  by  the  a.  nalytical  tools.  So,  for  aiiý,  coinputa.  tion  specd  I  he 
analytical  tools  will  always  be  faster  than  the  numerical  ones.  The  conventional  desigil 
methods  may  then  never  be  replaced  by  the  1111111crical  tecIIIII(Ilics  but,  wIII  cerkIII11Y  bc 
improved  thanks  to  the  rich  source  of  electromagnetic  inforinatioii  available  Froiii  the 
nuinericaJ  analysis  and  which  was  not  available  . 40  years  ago. 
']'his  thesis  explores  in  depth  this  coinplemolit'ary  1-clat'lonsillp  betwecil  fillitc-clenivills 
and  Hie  magnetic  equivalent,  circult,  method  ill  order  to  Improve  I'lle  accul-acy  of'  1,11c 
latter  with  the  magnetic  understanding  acquired  frolli  t  ll(. CHAPTER  1.  INTRODUCTION 
Figure  1.2:  Common  rail  injector  cross-section.  Closer  view  of  the  actuator 
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Figure  1.3:  Fast-acting  solenoid  actuator. CHAPTER  1.  INTRODUCTION  9 
1.2  Thesis  Objectives  and  Limitations 
In  the  development  of  a  rapid  computer-aided  design  tool  for  fast-acting  solenoid  ac- 
tuators,  an  analytical  method  is  required  to  assess  the  steady-state  and  transient  per- 
formance  of  these  actuators  usually  energised  from  a  DC  source.  The  method  should 
therefore  be  relatively  accurate  and  also  very  flexible  to  allow  for  different  driving 
conditions. 
In  order  to  estimate  the  dynamic  response  of  the  different  designs,  the  material 
nonlinearities  and  the  magnetic  delay  due  to  eddy  current  generation  have  to  be  mod- 
elled  with  accuracy  without  heavily  compromising  the  speed  requirements.  The  effect 
of  hysteresis  on  eddy  current  generation  is  not  developed  in  this  thesis.  This  aspect  has 
been  previously  studied  by  Harmer  [16].  However,  if  the  hysteresis  loss  are  significant, 
the  proposed  dynamic  model  can  be  combined  with  existing  approaches  for  modelling 
hysteresis  [17].  In  general,  fast-acting  solenoid  actuators  are  voltage-fed  devices.  if 
the  resistance  of  the  winding  can  be  neglected,  their  flux  linkage  evolution  is  mainly 
fixed  by  the  voltage  waveform  applied  to  the  winding  (see  eq.  (2.1))  and  their  effect  are 
not  significant  on  the  eddy  current  evolution,  proportional  to  (  B)2  ýdLt  according  to  the 
classical  calculation  in  thin  lamination.  However  the  voltage  drop  due  to  the  winding 
resistance  may  be  significant.  Therefore,  based  on  eq.  (2.1),  the  flux  transient  is  likely 
to  be  modified  by  the  hysteresis  loop  relating  the  flux  density  (or  flux)  to  the  magnetic 
field  strength  (or  current),  instead  of  the  usual  normal  magnetising  curve.  The  hys- 
teresis  effectst  a  function  of  the  past  magnetic  history  of  the  actuator  are  in  general 
very  complex  to  analyse  [18]. 
As  the  number  of  actuator  configurations  is  high,  the  general  technique  will  be 
developed  and  demonstrated  for  only  two  actuator  types:  an  axisymmetric  and  a  rect- 
angular  solenoid  actuator  both  with  a  flat-faced  armature  (cylindrical  and  rectangular 
respectively).  Some  prototypes  of  both  types  of  actuators  are  shown  in  figure  1.4.  Both 
problems  are  characterised  by  different  modelling  challenges  such  that  each  case  is  rele- 
vant  in  order  to  provide  a  sufficient  guidance  for  other  solenoid  actuator  configurations. 
An  improvement  of  the  existing  hydraulic  models  is  outside  the  scope  of  this  thesis '1?  1.  INTRODUCTION  CIIAPTE 
Armatures 
Figure  1.4:  Prototypes  of  E-core  and  pot-core  actuators  with  a  flat-faced  armature. 
and  the  modelling  of  the  fluld  subsystems  is  not  discussed  further.  Ilowever  most  of 
the  analytical  fluld  force  models  already  avallable  In  the  literature  (1.  (,.  [12].  [81)  could 
be  solved  simultaneously  with  the  proposed  electromagnetic  model. 
A  software  requirement  is  also  imposed  oil  tills'  project.  Indeed,  III  order  to  III- 
corporate  the  new  model  with  an  already  existing  platfOrm  fOr  swit,  clied  reluctillice 
machines  [19]  [20],  [211,  the  model  has  to  be  Implemented  In  Turbo  Pascal. 
1.3  Thesis  Structure  and  Original  Contributions 
The  tI  icsis  a  mis  to  (level  op  tec  IIIII  (III  es  of'  vI  ect  1.0111i  IgIwt  Ic  iIII  it  IY's  Is  for  ra  pId  co  IIIpI  Itc  I. 
aided  design  of  fast-achng  solenoid  act,  mitors.  These  I.  echm(pics  inity  vary  great].  N,  *111 
ternis  of  complexity  and  also  computational  speed  depetiding  on  whel  her  cddy  current,  S 
have  to  be  simulated.  For  this  reason  the  work  has  heen  dividcd  int,  o  two  different,  sec- 
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In  part  I,  the  electromagnetic  analysis  focuses  on  the  static  analysis  (no  eddy  cur- 
rents)  which  is  suitable  for  computing  the  dynamic  performance  of  completely  lami- 
nated  devices  or  for  steady-state  analysis  of  those  with  high  magnetic  damping.  Chap- 
ter  2  surnmarises  the  general  approach  adopted  for  computing,  in  this  context,  the 
dynamic  performance  of  fast-acting  solenoid  actuators  and  focuses  on  the  magnetic 
equivalent  circuit  development  for  both  axisymmetric  and  rectangular  devices.  Based 
on  finite-element  observations,  the  models  are  completely  analytical  and  are  obtained 
by  combining  classical  reluctance  evaluation  methods  and  conformal  or  bilinear  trans- 
formations.  The  permeance  equations  involve  all  the  main  parameters  characterising 
the  geometry  of  the  devices,  ensuring  therefore  a  sensible  dimension  range  with  good 
accuracy  during  design  trials.  In  chapter  3,  the  concept  of  magnetic  gauge  curve  for  any 
type  of  variable  reluctance  machine  is  introduced,  developed  and  applied  to  the  fast- 
acting  solenoid  actuators  and  also  to  the  switched  reluctance  motors.  The  advantages 
of  this  technique  for  rapid  computer-aided  design  are  discussed  in  each  example.  A 
comparison  of  the  previous  analytical  developments  against  finite-element  and  test  data 
is  given  in  chapter  4  for  different  designs  of  axisymmetric  and  rectangular  actuators, 
leading  to  the  end  of  part  I. 
Part  II  summarises  the  dynamic  analysis  of  solid-iron  or  partly  solid-iron  solenoid 
devices.  In  chapter  5,  a  nonlinear  electro-magnetic  equivalent  circuit  simulating  the 
diffusion  of  the  flux  and  eddy  currents  into  a  cylindrical  solid-iron  core  is  first  developed 
from  the  field  equations.  Based  on  this  analysis  a  first  electro-magnetic  equivalent  net- 
work  is  derived  for  the  axisymmetric  solenoid  actuators  and  compared  against  transient 
and  dynamic  finite-element  results.  The  proposed  model  is  discussed  in  detail  and  leads 
to  a  general  formulation  of  the  minimum  electro-magnetic  equivalent  circuit  configura- 
tion  for  solid  iron  axisymmetric  actuators  which  would  provide  sufficient  accuracy  for 
any  driving  conditions  and  would  be  suitable  for  rapid  computer  aided-design  . 
Based 
on  this  experience  a  similar  technique  is  applied  in  chapter  6  to  evaluate  the  dynamic 
performance  of  the  partly  solid-iron  rectangular  devices 
. 
An  electro-magnetic  equiv- 
alent  circuit  is  also  proposed  and  discussed.  Finally  the  analytical  steady-state  and 
transient  force  results  are  compared  in  chapter  7  against  test  data  for  both  actuator 
types. CHAPTER  1.  INTRODUCTION  12 
The  general  conclusions  are  surnmarised  in  chapter  8. Part  I 
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Magnetisation  Characteristic 
Computation 
2.1  Dynamic  Algorithm 
Solenoid  actuators  are  variable  reluctance  devices  i.  e.  made  of  steel  and  copper  only. 
The  armature  is  usually  placed  on  the  top  of  the  core  as  shown  schematically  in  fig.  2.1, 
with  a  constant  gap  left  between  both  parts.  When  the  actuator  is  energised,  a  tractive 
magnetic  force  is  generated  in  the  airgap  existing  between  the  core  and  the  moving  part 
(armature).  The  force  rise  is  a  function  of  the  magnetic  and  electric  characteristics  of 
the  device  and  its  electronic  circuit.  When  the  force  is  greater  than  the  preload  of  the 
spring  attached  to  the  armature,  the  latter  starts  moving  from  its  seat  and  progressively 
closes  the  gap  existing  between  both  iron  parts.  In  an  injector,  this  armature  movement 
is  usually  associated  with  the  start  of  the  injection.  When  the  current  stops  flowing  in 
the  winding,  the  magnetic  force  decays  progressively  and  the  armature  returns  to  its 
seat  due  to  the  spring  force. 
When  eddy  currents  are  not  an  important  issue,  the  computation  of  the  dynamic 
performance  of  a  solenoid  actuator  can  be  assessed  rapidly  and  with  relatively  good 
accuracy  by  applying  a  decoupled  technique  in  which  the  magnetic  information  is 
evaluated  prior  the  integration  of  the  circuit  and  mechanical  differential  equations. 
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In  its  most  generalised  form,  the  equation  of  the  electrical  circuit  describing  the  flux 
generation  in  the  actuator  is  given  by: 
do 
=V-Rl  17 
dt 
(2.1) 
where  0  is  the  flux  linkage,  V  the  voltage  source,  R1  the  total  resistance  of  the  electrical 
circuit  and  I  the  current  in  the  winding.  Similarly  the  movement  of  the  armature  is 
described  by  the  mechanical  equation: 
dv 
rn-=F  -F  n  dt  m  spri  g- 
Ff  1￿id,  (2.2) 
where  m  and  v  are  the  mass  and  the  speed  of  the  moving  assembly  respectively,  Fm 
the  magnetic  force,  Fpi,,  g  and  Ffluid  the  forces  due  to  the  spring  and  to  the  fluid 
surrounding  the  armature.  The  displacement  x  of  the  moving  part  is  then  evaluated 
from: 
dx 
Tt 
(2.3) 
A  solution  of  this  system  of  equations  is  obtained  by  applying  a  finite-difference 
method.  At  each  time  step,  the  evaluation  of  the  current  I  from  the  computed  flux 
linkage  0  and  displacement  x  is  retrieved  from  a  look-up  table  containing  a  set  of 
magnetisation  characteristics  '.  Similarly  the  magnetic  force  corresponding  to  these 
values  of  current  and  armature/plunger  position  can  be  retrieved  either  from  a  look-up 
table  containing  a  set  of  force  curves  versus  current  and  displacement,  or  directly  from 
the  magnetisation  characteristics  by  means  of  coenergy  evaluation  [1],  [18],  [22]: 
I 
We  (I,  X)  = 
fo 
0  (1,  x)  dl,  (2.4) 
where  W,  is  the  magnetic  coenergy.  The  magnetic  force  is  obtained  from  2 
x)  Il=Cat.  (2.5) 
, Ox 
The  quality  of  the  results  obtained  from  this  algorithm  is  closely  related  to  the 
technique  applied  for  computing  and  handling  the  magnetic  information.  Due  to  time 
1  Flux  linkage  versus  current  at  constant  armature/plunger  position. 
2This  approach  is  only  strictly  valid  when  applied  to  a  conservative  system  [1]. CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  16 
constraint7  repeated  design  trials  usually  rely  on  an  analytical  evaluation  of  the  mag- 
netisation  curves  by  means  of  a  magnetic  equivalent  circuit  [23].  A  more  accurate 
dynamic  analysis  requires  a  set  of  data  from  a  numerical  technique  such  as  finite- 
elements  or  simply  from  measurements  [241  [251.  Note  that  the  force  computation 
based  on  eq.  (2.5)  is  more  accurate  than  the  evaluation  based  on: 
2 
F..  = 
B,  1,  S 
2po  ' 
(2.6) 
where  B2  is  the  normal  flux  density  in  the  main  airgaps  (see  fig.  2.2),  S  the  airgap  n 
cross-section  and  yo  the  air  permeability.  Indeed  the  latter  can  be  derived  from  the 
former  by  neglecting  the  presence  of  fringing  and  cross-slot  leakage  [18].  Also,  in  this 
context,  eq.  (2.6)  is  not  a  convenient  approach  as  the  normal  flux  density  is  not  an 
explicit  output  from  the  magnetisation  curves. 
The  computation  of  the  current  and  the  magnetic  force  at  each  time  step  also 
involves  a  2-D  interpolation  technique  between  the  points  stored  in  the  look-up  ta- 
ble(s).  Several  methods  have  been  successfully  applied  to  the  analysis  of  the  switched- 
reluctance  machines  and  include: 
1.  a  piecewise  quadratic  interpolation  in  function  of  I  and  a  piecewise  linear  inter- 
polation  in  function  of  the  rotor  position  0  [22], 
2.  a  curve  fit  of  the  magnetisation  curves  based  on  exponential  functions  with  a 
piecewise  linear  interpolation  in  function  of  0  [26], 
a  2-D  interpolation  based  only  on  spline  functions  [25]. 
These  relatively  sophisticated  interpolation  techniques  are  highly  recommended  when 
the  amount  of  data  stored  in  the  look-up  table  is  rather  small.  In  the  context  of  the 
thesis,  the  computation  of  the  magnetisation  characteristics  is  achieved  by  developing 
a  nonlinear  Magnetic  Equivalent  Circuit  (MEC)  for  each  type  of  fast-acting  solenoid 
actuator  shown  in  fig.  1.4.  Although  this  approach  involves  a  considerable  development 
cost,  it  leads  to  a  very  fast  computation  of  the  magnetisation  characteristics  for  any 
armature  position.  For  this  reason,  the  method  applied  for  interpolating  the  large  set 
of  data  provided  by  the  MEC  is  simply  a  piecewise  2-D  linear  interpolation  technique. CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  17 
2.2  The  Magnetic  Equivalent  Circuit  Method 
The  nonlinear  performance  of  any  type  of  rotary  and  linear  motion  electromagnetic 
device  can  be  evaluated  with  the  magnetic  equivalent  circuit  method  [23,18].  The  key 
idea  in  creating  a  magnetic  equivalent  circuit  is  to  generate  enough  elements  to  reflect 
all  properties  of  an  electromagnetic  device  on  the  one  hand,  and  not  have  too  many 
elements,  on  the  other,  as  this  could  unnecessarily  slow  down  the  computation  without 
a  significant  gain  in  accuracy.  In  the  MEC  method  the  flux  paths  of  the  machine  are 
indeed  divided  into  permeances,  a  function  of  the  device  geometry  and  flux  distribution. 
Ideally  a  permeance  is  equivalent  to  an  element  of  flux  tube  in  which  the  flux  density 
is  assumed  to  be  uniformly  distributed  over  any  cross-section  perpendicular  to  the  flux 
direction.  In  contrast  to  the  finite-element  method,  the  creation  of  the  MEC  requires 
a  good  understanding  of  the  machine  flux  distribution,  varying  with  rotor/armature 
position  and  saturation. 
2.2.1  Airgap  Permeances 
The  computation  of  the  airgap  permeances  is  usually  obtained  by  dividing  the  airgap 
flux  into  several  'flux  tube'  elements,  approximated  with  simple  geometries  [18,22,27, 
28,15]  - 
When  the  machine  is  characterised  by  large  airgaps,  an  accurate  evaluation 
of  the  magnetic  performance  often  require  a  more  refined  computation. 
In  the  case  of  a  doubly  salient  variable  reluctance  machine,  Miller  [19,21]  and 
Tolikas  [29]  proposed  in  the  computation  of  the  minimum  inductance,  a  geometric 
and  an  algebraic  evaluation  of  the  dual-energy  method  respectively.  The  geometric 
approach  is  also  commonly  known  as  the  tube  and  slice  method. 
In  [12),  Karidis  proposed  an  hybrid  lumped/  2D  finite-element  model  in  order  to 
estimate  more  accurately  the  airgap  and  cross  slot  leakage  permeances  of  a  flat-faced 
armature  rectangular  actuator. 
Similarly,  Smith  [30]  evaluated  the  magnetic  performance  of  an  axisymmetric  and CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  18 
rectangular  actuator  with  a  flat-faced  armature  by  computing  a  reluctance  network  in- 
cluding  some  correction  factors  for  the  airgap  permeances  obtained  from  a  3D  analysis. 
In  the  thesis,  the  evaluation  of  the  airgap  permeances  is  obtained  entirely  analyt- 
ically  by  combining  conventional  geometric  approximations  for  the  airgap  paths  and 
bilinear  or  conformal  transformations. 
2.2.2  Iron  Section  Permeances 
The  evaluation  of  the  iron  permeance  is  usually  based  on  the  iron  geometry  and  is,  in 
most  problems,  relatively  straightforward.  However  this  task  becomes  a  lot  more  com- 
plicated  when  the  given  machine  is  also  characterised  by  local  saturation  phenomena 
as  is  the  case  in  the  switched  reluctance  motor  [28,27].  The  actuators  studied  in  the 
thesis  are  not  particularly  affected  by  the  local  saturation  phenomenon. 
The  aim  of  this  chapter  is  to  present  the  nonlinear  magnetic  equivalent  circuits  de- 
veloped  for  both  axisymmetric  and  rectangular  solenoid  actuators  (fig.  1.4).  In  several 
of  the  following  chapters,  there  will  be  regular  references  to  the  magnetic  circuit  per- 
meances.  So  it  is  important  to  present,  in  some  details,  their  evaluation  and  underlying 
assumptions. 
2.3  Axisymmetric  Solenoid  Actuator 
The  dimension  parameters  taken  into  account  in  the  magnetostatic  analysis  of  both 
axisymmetric  and  rectangular  actuator  types  are  surnmarised  in  fig.  2.11.  In  the  cylin- 
drical  problem,  the  armature  diameter  B  is  kept  equal  to  the  core  outer  diameter  A. 
A  minimum  clearance  of  40  micrometer  is  maintained  between  the  moving  part  and 
the  core,  allowing  for  a  faster  armature  response  during  the  switch-off  period  [12].  The 
subscripts  '1'  and  '2'  in  the  following  equations  (except  for  the  cross  slot  leakage)  refer 
to  the  central  and  outer  limb  respectively  of  the  axisymmetric  solenoid  actuator,  more 
3  The  stack  length  variables  Astk  and  Lstk  are  only  valid  for  the  rectangular  device. CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  19 
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Figure  2.1:  Actuator  cross-section 
commonly  called  pot-core  solenoid  .  In  the  following  development,  a  uniform  flux  den- 
sity  distribution  is  assumed  over  any  airgap  or  iron  'cross-section'  considered  in  the 
permeance  computation. 
The  development  of  the  magnetic  equivalent  circuit  starts  with  the  evaluation  of  the 
different  airgap  permeances.  The  circuit  is  then  completed  with  a  series  of  nonlinear 
permeances  in  order  to  simulate  the  effect  of  saturation  in  the  iron  sections. 
2.3.1  Airgap  Paths 
An  analytical  approximation  of  the  different  airgap  paths  is  required  in  the  magnetic 
equivalent  circuit  for  pot-core  solenoids. CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  20 
Figure  2.2  shows  the  different  airgap  paths  associated  with  an  axisymmetric  flat- 
faced  armature  solenoid  actuator.  As  it  is  shown  in  table  2.1,  the  distribution  of  flux 
between  the  cross  slot  leakage,  fringing  and  working  airgap  paths  computed  from  finite- 
element  analysis  varies  significantly  with  armature  position.  At  small  airgap  lengths 
(e.  g.  around  O.  1mm)  the  effect  of  fringing  and  cross  slot  leakage  can  be  easily  neglected. 
However,  at  0.5mm,  their  flux  proportion  is  a  lot  more  significant  as  both  fringing  and 
cross  slot  leakage  paths  carry  about  50  percent  of  the  total  flux. 
In  order  to  ensure  a  relatively  constant  level  of  accuracy  within  the  design  parameter 
range,  it  is  therefore  compulsory  to  incorporate  the  different  airgap  paths  within  the 
analytical  model. 
Gap  Main  gap  G2  (%)  Outer  fringing  (%)  Slot  leakage  (%)  Inner  fringing  (%) 
0.15  mm,  70  11.5  11.5  7 
Bmax  sti  1T 
0.5mm,  43  20  28.4  8.6 
B,,,,,  ;  z-,  IT 
0.15mm,  73  10.7  8  8.3 
Bmax  2T 
0.5mm,  45.2  24  21.6  9.2 
Bmax  ; z::  i  2T 
Table  2.1:  Flux  proportion  in  an  axisymmetric  actuator  between  the  different  airgap  paths 
as  a  function  of  airgap  length  and  saturation  level.  2D  finite-element  results  . 
To  some  extend,  the  airgap  flux  distribution  is  also  affected  by  magnetic  saturation. 
Indeed  it  modifies  the  amount  of  MMF  drop  required  in  the  flux  paths  'connected  in 
parallel',  including  each  an  airgap  section  and  various  iron  sections  undergoing  different 
saturation  level.  An  example  of  flux  variation  in  the  different  airgap  paths  due  to 
saturation  is  given  in  table  2.1.  The  maximum  value  of  flux  densities,  given  in  the 
table,  appears  in  the  bottom  part  of  the  limbs.  This  phenomenon  is  at  the  origin  of 
the  major  variation  of  flux  distribution  due  to  saturation  and  will  be  modelled  in  the 
MEC  by  completing  the  linear  MEC  with  the  nonlinear  permeances  of  the  iron  sections. 
However  another  more  subtle  effect  of  saturation  involves  modifying  the  airgap  path 
geometry  (and  thus  permeance)  and  also  their  distribution  over  the  iron  outer  surface. 7TyVj'j(y\'  21  CILIAPTER  2.  AIAGNETISATION  CI 
Iron 
Leakage 
Figure  2.2:  2D  finite-element  flux  plot  of  an  axisymmetric  solenoid  actuator  and  definition 
of  the  different  airgap  paths. 
This  is  shown  in  figure  2.4.  With  saturation  increasing,  this  phellon  jenon 
more  important.  However  it  is  beyond  the  ME(  1  capabilities  to  shimlate  the  \,  ari;  it  ioil 
of  airgap  path  geometry  (In(,  to  saturation.  Therefore  it,  is  further  assumed  that  IIIc 
airgap  permeances  depend  only  on  solenoid  geometry  mid  dimensions. 
2.3.2  Working  Airgap  Permeances 
In  the  computation  of  the  main  akgap  pennea=4  the  nux  iiii,  at.,  to 
the  inain  airgaps  in  shaight.  lines  flowing  from  the  core  to  the  arnial'ure  or  Vice  %,  crsa, 
a,  s  shown  in  fig.  2.3.  The  worldng  Slap  permeances  Pg,  and  1)92  aXP  I  IVII  C(Plal  t,  O: 
/1()7r  ('12 
and 
(2.7) 
ý)92 
/107r(  2) 
2-  (A/2  - 
1))2) 
(2.8) 
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Figure  2.3:  Schematic  cross-section  of  the  axisymmetric  actuator  showing  the  approxima- 
tion  of  the  main  airgap  flux  lines. 
The  variables  are  shown  in  fig.  2.1 
2.3.3  Cross  Slot  Leakage  Permeances 
The  computation  of  the  cross  slot  leakage  permeance,  also  called  slot  leakage  or 
simply  leakage  permeance  in  this  thesis,  depends  on  the  distribution  of  the  coil  within 
the  slot.  For  this  reason,  the  total  leakage  is  split  into  3  regions  as  shown  in  fig  2.6.  In 
each  of  them,  the  leakage  flux  is  also  assumed  to  cross  the  slot  width  in  straight  radial 
lines  [18]  as  shown  in  fig.  2.5. 
The  leakage  above  the  coil  PL3  (region  III  in  fig.  2.6),  embraces  the  entire  winding 
such  that  its  permeance  is  equal  to: 
PL3  ' 
27rIto(abcoil  -  X) 
(2.9) 
In  A12-D 
c 
where  X  corresponds  to  the  limb  length  'short-circuited'  by  the  inner  fringing  path. 
The  computation  of  X  is  presented  in  the  fringing  section. 
Although  this  leakage  does  not  produce  any  flux  linkage,  the  computation  of  the 'R,  ISTI  C'  CO  AIIII  'T  (.,  'HAP7'EI?,  2.  MAGNETISATION  CHARACTE  !  II'l  (),,  v  23 
Gap=0.5mm 
/ 
Figure  2.4:  2D  finite-element  flux  plot  of  an  axisymmetric  actuator  for  an  airgap  length  of 
0.5mm  and  two  saturation  levels.  In  each  case,  the  indicated  maximum  flux 
density  level  is  reached  in  the  bottom  parts  of  the  limbs. 
leakage  permeance  mider  the  winding  Pj,  j  (region  1),  'is  obtaiiied  in  a  similar  way: 
2  7r  It  ou  7),  coil 
A/2-1) 
C 
(2.10) 
hi  theory  no  leakage  flux  flows  mider  the  coil  mit,  11  saturatimi  sigmficmd  ly  hicreitses, 
in  t,  he  yoke.  '['his  can  be  denionstrat,  ed  by  coinwit,  hig  Anipere's  law  idwig  Hic  (kislied 
contour  shown  in  fig.  2.7.  The  magne6c,  field  //.,,  ni  Hic  slot,  inider  t1w  co,  I,  I.  ",  pro- 
portional  t,  o  the  magnetic  field  in  die  Iroti  //,..  wliicli  reinaJits  fairly  simill  iiiitil  ;i  kirge 
aniount.  of  saturalloii  is  generated  in  the  yoke.  Also  from  Anipere's  lim  it,  i,  ppears.  dijit, 
t,  he  Magnetic  field  119  (due  t,  o  Pjj)  flows  ni  Hic  saine  direct,  ioit  iis  //(.  iijid  silort,  -circults 
the  yoke  when  the  latter  is  too  licavily  sahirated.  Tliis  conclusioll  has  ljo\%,,  \,  r 
drawn  some  time  after  Hie  developnient,  of  I'lle  proposed  N/IFC.  For  t'llis  rcýlsoll.  Ille 
MEC  used  in  this  work  will  nicorporat,  e  Hie  leakage  pernicýiiwc  P  LI,  t,  rcillcd  if)  Illu 
same  way  as  PL3 
The  evaluation  of  the  leakage  per"I"'ll",  11,2  I'('S  the  coll  II)III  atioll  of  IIIc  I  otill 
'4AItliough  the  permeance  is  usually  very  small  compared  to  the  other  leakago  compments,  this 
permeance  caii  be  completely  removed  from  the  magnetic  e(linvalent,  circmt. 
Bmax=2T  Bmax=l  T "R,  2.2.1  CHAVIT 
Figure  2.5:  Schematic  top  view  of  the  axisymmetric  core  showing  the  approximation  of  the 
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leakage  flux  comprised  in  region  II.  The  iron  is  assumed  infinitely  permeable  in  the 
following  development.  If  BL(R,  z)  corresponds  to  the  flux  density  in  the  slot  at  (R,  z), 
the  leakage  flux  in  region  II  is  equal  to: 
ZU 
0L2  :  -2 
£ 
BL(R,  z)27rRdz,  (2.11) 
where  Zd  and  zu  are  shown  in  fig.  2.6. 
As  region  II  is  characterised  by  a  uniform  distribution  of  the  total  current  in  the 
slot,  the  flux  density  BL  (R,  z)  increases  linearly  in  region  II  from  bottom  to  top  such 
that  BL(R,  z)  can  be  expressed  as: 
BL(R,  z)  =  BL  (R) 
(Z  Zd) 
(2.12) 
Zu  Zd 
where  BL(R)  depends  only  on  the  radial  coordinate  R. 
By  replacing  BL  (R,  z))  in  eq.  (2.11)  with  eq.  (2.12)  and  integrating  between  Zd  and 
ZU1  it  follows: 
OL2  =  BL(R) 
hcoil 
2rR,  (2.13) 
2 
with  hcoil  = 
(Zu 
-  Zd)- 
From  Ampere's  law,  we  can  also  write: 
i 
H(R,  z)  dR  =  NI,  (2.14) 
where  H(R,  z)  is  the  magnetic  field  strength  along  the  closed  contour  shown  in  the 
left-hand  side  of  fig.  2.6,  embracing  the  entire  coil  cross-section. 
However,  if  the  iron  is  infinitely  permeable,  the  magnetic  field  is  very  small  in  the 
iron  sections,  and  the  integration  can  be  reduced  to  the  contour  path  crossing  the  slot 
above  the  coil  where  H(R,  z)  =  BL(R,  z)/po.  By  combining  eq.  (2.14)  and  eq.  (2.13)  in 
which  OL2  is  a  constant,  it  follows: 
OL2  1 
dR  =  NI.  (2.15) 
por  hcoil 
J 
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Or 
OL2  =  po7rNI 
hcoil 
(2.16)  -  ]I  F-D  in- 
The  effective  leakage  permeance  PL2  which  would  produce  OL2  such  that 
OL2 
=  PL2.  NI, 
is  given  by: 
(2.17) 
PL2  =  1107r 
hcoil 
(2.18) 
In 
A12-D 
c 
The  expression  Of  PL2  as  given  by  eq.  (2.18)  corresponds  to  the  maximum  value  of 
the  leakage  permeance  on  the  coil  section.  Indeed,  the  previous  computation  assumes 
an  infinite  permeability  in  the  iron  when  applying  Ampere's  law.  In  reality  as  soon 
as  the  iron  in  the  limbs  saturates  , 
its  permeability  drops  significantly,  leading  to  a 
decrease  of  the  effective  leakage  permeance  with  saturation  increasing. 
This  fact  can  be  observed  in  the  finite-element  flux  plots  shown  in  fig.  2.4: 
When  saturation  increases,  the  mmf  required  by  the  yoke  and  the  limb  base  becomes 
larger,  reducing  the  mmf  available  for  the  leakage  flux  at  the  bottom  of  the  slot. 
However,  at  a  higher  limb  height,  the  leakage  flux  embraces  more  turns;  also  the 
saturation  in  the  limb  is  slightly  reduced  by  the  lower  level  leakage  flux  such  that  the 
leakage  is  denser  at  the  top  of  the  slot. 
For  this  reason,  it  was  chosen  to  only  incorporate  two  third  of  the  total  permeance 
PL2,  as  computed  above,  in  the  MEC  5. 
As  shown  in  fig.  2.8,  Roters  [18]  assumes  no  space  under  and  above  the  coil;  his 
total  leakage  permeance  PL  is  then  equal  to: 
PL  =  /107r 
E-F-X 
(2.19) 
In 
A12-D 
c 
5The  factor  two-third  corresponds  the  flux  linkage  produced  by  the  leakage  flux  ýL2  and  also 
corresponds  to  the  proportion  of  the  leakage  flux  OL2  producing  an  mmf  drop  in  the  limbs. MAGNETISATION  CIIA  RA  C"I'l,  "HISTIC  CoAl  IN  "FATIoN  27 
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Figure  2.6:  Division  of  the  slot  into  three  regions  and  associated  cross  slot  leakage  perme- 
an  ces. 
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2.3.4  Outer  Flinging  Permeance 
a.  Roter's  Approach 
Figure  2.8  summarises  the  airgap  paths  assumed  by  Roters  for  computing  the  perme- 
ances  of  a  pot-core  solenoid.  The  outer  fringing  is  divided  into  two  regions  called  a 
and  b.  In  region  a  the  fringing  is  limited  by  a  pair  of  concentric  circles  defined  by  the 
working  airgap  length  and  the  armature  thickness.  In  region  b  the  fringing  contribu- 
tion,  although  minor,  is  compared  to  a  semicircular  cylindrical  volume.  In  each  case, 
the  computation  is  not  truly  axisyrnmetric.  The  permeances  are  first  evaluated  in  the 
2D  plane,  per  unit  of  'stack  length',  as  shown  in  fig.  2.8.  This  'per  unit  of  length' 
computation  is  then  corrected  by  setting  the  stack  length  equal  to  '27rA/2'  where  A  is 
the  outer  diameter  of  the  core. 
Based  on  these  assumptions,  the  computation  of  the  outer  fringing  leads  to  [18]: 
A  T+G12  A 
Pf,  =  2yo 
2 
In(  ýý-/2)  +  1.63po-ý.  (2.20) 
b.  New  Technique 
From  the  FEA  flux  plots  shown  in  fig.  2.4,  it  can  be  observed  that  the  flux  tubes 
in  the  outer  fringing  diverge  significantly  when  flowing  from  the  armature  side  to  the 
outer  surface  of  the  core.  An  improved  computation  of  this  permeance  should  therefore 
incorporate  this  flux  divergence,  a  function  of  the  armature  height  T,  airgap  length  G, 
and  also  the  core  height  E.  Ideally  the  permeance  evaluation  should  also  be  truly 
axisymmetric.  However  it  was  found  that  these  two  requirements  were  not  compatible 
analytically.  For  this  reason,  the  2D  approach  as  proposed  by  Roters  was  kept  in 
this  analysis.  However  the  2D  paths  based  on  concentric  circles  (permeance  a)  were 
replaced  by  a  new  path  defined  by  two  non-concentric  circles,  a  function  of  T,  G,  E. 
The  proposed  new  outer  fringing  path  is  shown  in  fig.  2.9  and  requires  the  support  of 
a  bilinear  transformation  to  evaluate  the  corresponding  permeance  expression. 
The  technique  involves  mapping  the  non-concentric  circles,  as  shown  in  fig.  2.10, 
to  a  pair  of  concentric  ones  for  which  the  permeance  equation  is  known  (eq.  (2.20)). 
Based  on  the  assumptions  that  the  boundaries  (bold  contours  in  fig.  2.10)  in  each  map CILAPTER.  2.30 
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Figure  2.9:  New  approximations  for  flux  paths. 
iahs  (infiii'tek  perilivill)1c).  til,  ji,  I(I  are  either  coincident  Nvith  flux  lines  or  equipotenti  III 
properties  ill  both  planes  wIll  be  conserved. 
The  transformation  between  the  complex  planes  of  respective  ;,,,  (I  Z 
given  by  [:  31]: 
t 
(2.21) 
wit  Ii  I=  ?  t+jt7  a  nd  Z=X  +jY.  rhe  equ  at  1011  of'  a  circ  Ic'  (.  (,  I  It,  re  (ai'o)  aII  (I  ra  (I  II  Is  r, 
In  the  t-plalle  is 
r=  It 
-  ail. 
By  replacing  t  in  (  2.22)  with  (2.21)  and  rearranging, 
tl, 
ýV 
)2  +a 
. 
V2  +  Y`2 
which  may  be  rearranged  again  as 
(2.22) 
1 
(2.23) 
)2  j/-2 
== 
7'  2. 
a?  - 
1.2 
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Figure  2.10:  Z-plane  and  t-plane  characterising  the  bilinear  transformation. I  CHAPTER  2.  AGIGNETISATION  CHARACTERISTIC  COMPUTATION  32 
This  is  the  equation  of  a  circle,  radius  -  2-  -plane  mapped  7--  -T  and  centre  (.  7  __y, 
O)  in  the  Z 
.Ia,  -r 
by  (2.21)  from  the  circle  ,  centre  (ai,  O)  and  radius  r,  in  the  t-plane. 
In  the  case  of  fig.  2.10,  the  two  non-concentric  circles  are  in  the  Z-plane  with  a 
distance  d  between  the  smaller  circle  and  the  origin  of  the  inversion.  d  is  an  unknown 
parameter  which  will  be  evaluated  so  that  the  mapped  circles  in  the  t-plane  will  be 
concentric.  From  (2.24)  it  appears  that  the  smaller  circle,  centre  (d,  0)  and  radius  R2 
transforms  into  a  circle  with  centre  coordinates 
(d2 
d 
R22  10)) 
(2.25) 
and  radius 
r2  = 
R2 
(2.26) 
d2  -  R22' 
Similarly,  the  large  circle,  with  radius  RI  and  centre  (d  -  Di,  0),  transforms  into  a 
circle  with  centre 
d+Di 
(Zd 
+  Di 
)2 
- 
ji12-  9 
ob 
and  radius 
rl  = 
R1 
(d  + 
Di)2 
- 
R121 
where  Di  is  the  distance  between  both  circle  centres  in  the  Z-plane. 
(2.27) 
(2.28) 
Then  the  necessary  condition  for  having  a  pair  of  concentric  circles  in  the  t-plane 
is 
or 
d+  Di  d 
(2.29) 
(d  +  Di)2  - 
R12  d2 
- 
M21 
-(Dil 
+  M2 
- 
R12)  Dj2  +  M2 
- 
R12 
I 
2Dj  2Dj 
-)2  - 
R22.  (2.30) 
The  value  of  d  is  chosen  so  that  rl  and  r2  are  positive. 
Therefore  the  permeance  between  the  non-concentric  circles  in  the  Z-plane  is  ob- 
tained  by  combining  the  equations  (2.28),  (2.26),  (2.30)  with 
A  rl  A 
Pic  =  2po 
2 
In 
r2 
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2.3.5  Inner  Fringing  Pernicance 
a.  Roter's  Approach 
The  assumptions  made  by  Roters  [181  for  computing  the  inner  fringing  on  each  limb 
arc  summarised  on  fig.  2.8.  For  each  limb,  the  path  is  divided  into  two  sections  (a  and 
b).  For  each  of  them,  the  computation  is  similar  to  the  previous  Roters'  development 
for  the  outer  fringing.  As  the  paths  are  however  two  time  shorter,  the  permeances  are 
multiplied  by  a  factor  of  two.  The  longest  flux  line  (equal  to  0.57rRl)  in  section  a  is 
arbitrarily  set  equal  to  half  of  the  slot  width.  Therefore  R1  =  IV17r  and  X=  R1  -  G. 
It  follows: 
v 
Pp  =  41tol  In  (-2-)  +  3.26  pol,  (2.32) 
7rG 
where  I  is  equal  to  C  for  the  central  limb  and  to  C+  IV  for  the  outer  limb. 
In  this  computation,  the  limit  between  fringing  and  cross  slot  leakage  is  thus  ar- 
bitrarily  fixed  and  does  not  vary  with  armature  position.  However,  in  the  case  of  a 
rectangular  slot,  Carter  [321  showed  with  the  help  of  a  conformal  transformation  that 
this  limit  is  also  a  function  of  the  airgap  length  and  could  be  easily  computed  ana- 
lytically.  Therefore  an  equivalent  conclusion  is  expected  for  the  axisymmetric  case. 
The  choice  of  Roters'  approximation,  for  both  rectangular  and  axisymmetric  problems 
is  then  very  crude.  Unfortunately  the  author  is  not  aware  of  any  work  equivalent 
to  Carter's  development  for  the  axisymmetric  problem.  For  these  reasons,  the  limit 
between  fringing  and  cross  slot  leakage  is  computed  in  the  thesis  based  on  Carter's 
development  applied  to  both  rectangular  and  axisymmetric  problems  '. 
b.  New  Technique 
b.  I.  Conformal  Transformation 
The  computation  of  the  field  generated  by  a  current  in  a  slot  of  an  electrical  machine 
has  been  reported  in  many  electromagnetic  textbooks  [311,  [33],  [321.  In  fig.  2.11,  the 
"Carter's  development  has  been  widely  used  in  the  field  of  rotary  machines,  although  the  latter 
are  not  either  a  proper  rectangular  problem.  This  development  led  to  a  correction  of  the  main  airgap, 
length  in  order  to  take  the  slot  leakage  into  account. CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  34 
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Figure  2.11:  Conformal  transformation  for  computing  the  field  generated  by  a  current  in  a 
slot 
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a:  irgap  G  is  assumed  to  be  small  compared  with  the  width  TV  of  the  slot.  As  far  as 
the  field  in  the  airgap  is  concerned,  the  slot  can  be  treated  as  infinitely  deep  with  a 
current  at  the  'bottom'  of  it.  For  a  current  21  the  potentials  of  the  poles  (fig.  2.11.  a) 
are  I  and  -I  with  respect  to  the  plane  surface  at  zero  potential  and  the  potential  on 
the  line  of  symmetry  down  the  slot  centre  is  also  0. 
Thus,  one  half  of  fig.  2.11.  a  can  be  represented  in  the  Z-plane  as  shown  in  fig.  2-11-b 
where  the  boundary  mnq  has  a  potential  differing  by  I  from  that  of  the  boundary  m1q. 
The  polygon  has  four  vertices  at  l,  m,  n  and  q;  and  the  limits  in  the  i-plane,  (fig.  2.11.  c), 
are  chosen  to  correspond  to  q. 
Then  the  Schwarz-Christoffel  equation,  giving  the  transformation  between  the  planes, 
is  [311: 
dz  S  (f  +  1)'12  t'  (f  -  a)-' 
/2  (2.33) 
T,  -,: 
with  the  pair  of  corresponding  points  being: 
at  1,  z=  LK  +jG  and  i=  -1,  2 
at  m,  z=joo  and  t=0, 
at  n,  z=0  and  i=a. 
S  and  a  are  two  parameters  that  can  be  evaluated  by  the  method  of  residues.  The 
origin  in  the  Z-plane  is  chosen  to  correspond  with  the  point  t=a.  After  evaluation  of 
all  the  parameters,  it  follows 
Z= 
2G  [117  tan-' 
'Vu 
+1  In 
1+  ul,  (2.34) 
7r  2G  ý_G  _2  1-u 
with 
ia  (2.35) 
t+1 
and 
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b.  ".  Field  Computation 
To  obtain  the  required  field  in  the  Z-plane  it  is  necessary  to  have  in  the  t-plane  a 
potential  I  on  the  real  axis  between  -oo  and  0,  and  a  potential  0  on  the  real  axis 
between  0  and  oo.  This  gives  a  field  in  the  t-plane  described  by 
W=  lnt,  (2.37) 
where  w=0+  jo  with  0  the  flux  function,  and  0  the  potential  function. 
b.  3.  Evaluation  of  X 
if  t=  Rcj#,  then 
I 
lnR.  (2.38) 
7r 
The  flux  lines  in  the  I-plane  are  concentric  semi-circles  with  the  plane  origin  for  centre. 
The  flux  distribution  in  the  Z-plane  is  more  complex  than  the  one  in  the  t-plane. 
However  by  using  the  unique  correspondence  between  points  and  field  properties  of 
each  map,  it  is  possible  to  evaluate  in  the  Z-plane  the  position  of  the  particular  flux 
line  which  gives  the  transition  between  leak-age  and  fringing.  One  'extremity'  of  this 
flux  line  corresponds  to  the  point  n  in  the  Z-plane  on  the  line  of  symmetry,  which 
corresponds  to  t=a  in  the  t-plane.  Therefore  the  other  'extremity'is  given  by  I=  -a 
in  the  t-plane.  And  the  mapped  point,  in  the  Z-plane,  is  obtained  by  computing  (2.34) 
with  t=  -a  and  by  replacing  a  with  (2.36).  Therefore  it  follows  that  X  is  equal  to 
X=Imz-G  (2.39) 
and 
Imz= 
G  'V 
-' 
(  2r  ),  [I- 
ln 
I 
iv,. 
(2.40) 
7r  ýG  2G  - 
11  +tan 
r2 
I 
with 
r= 
2(IV/2G)2 
(2.41) 
[(l 
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Figure  2.12:  Inner  fringing  path  in  part  a 
b.  4.  Inner  fringing  permeance 
The  fringing  permeance  is  divided  into  two  parts  (a  and  b)  as  shown  in  fig.  2.9.  The 
permeance  in  part  b  is  computed  using  Roters'method.  Figure  2.12  summarises  the 
geometric  assumptions  made  for  evaluating  the  inner  fringing  permeance  correspond- 
ing  to  part  a.  The  inner  fringing  flux  within  part  a  is  delimited  by  two  non-concentric 
circle  arcs.  A  circle  arc,  centre  C1  and  radius  R1,  approximates  the  longest  flux  line 
such  that  P1  and  P2  delimit  the  arc  length.  And  the  shorter  flux  line  is  given  by  a 
circle  arc,  centre  C2  and  radius  R2  =  G.  Therefore,  it  follows 
Rl'  =  (G  +  X)'+  Di,  (2.42) 
and 
Di  = 
IV 
-  Ri.  T  (2.43) 
By  combining  eq.  (2.42)  and  eq.  (2.43),  it  results  that 
(LI)2  +  (G  +  X)2 
RI  =2  TV 
(2.44) 
and 
IV  2+  X)2 
Di 
(G 
(2.45) 
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The  fringing  permeance  of  path  a  is  then  obtained  by  evaluating  the  bilinear  trans- 
formation  defined  in  the  outer  fringing  section  and  by  computing: 
Pfi  =  3.261po  +  4pol  In  rl  (2.46) 
r2' 
where  1  is  equal  to  C  for  the  central  limb  and  to  C+W  for  the  outer  limb.  The  values 
of  rl,  r2,  d  are  derived  from  equations  (2.28),  (2.26),  (2.30)  using  (2.45),  (2.44)  and 
R2  = 
2.3.6  Linear  Equivalent  Magnetic  Circuit 
The  linear  components  of  the  magnetic  equivalent  circuit  have  been  all  evaluated  ana- 
lytically.  Maximum  care  has  been  taken  during  their  development  in  order  to  improve 
the  accuracy  compared  with  a  more  conventional  approach.  The  apparent  complexity 
of  the  resulting  equations  does  not  compromise  the  speed  of  a  computer-aided  design 
method.  The  choice  of  such  a  development  is  more  about  optimising  the  accuracy 
by  combining  several  analytical  techniques  which  may  reduce  the  number  of  arbitrary 
assumptions  and  improve  the  dimension  range  of  application.  The  complete  network 
of  airgap  permeances  is  shown  in  fig.  2.13. 
2.3.7  Nonlinear  mmf  Drop  due  to  Leakage  Flux 
The  leakage  flux  generates  a  certain  amount  of  mmf  drop  in  the  limbs.  The  computation 
of  this  mmf  requires  some  mathematical  development  due  to  the  distribution  of  leakage 
throughout  the  slot.  The  following  considerations  are  supported  by  fig  2.14,  showing 
a  schematic  representation  of  a  pot-core  solenoid.  The  right  hand-side  of  the  solenoid 
includes  the  different  airgap  paths  computed  in  the  previous  section.  The  left  part 
shows  the  solenoid  core  divided  into  several  sections.  In  particular,  each  limb  contains 
three  permeance  elements  called  Pch  (with  i=l..  3)  for  the  central  limb  and  Peli  (with 
i=l..  3)  for  the  outer  limb.  Pcll  and  Pell  are  the  limb  permeances  defined  on  the  same 
limb  height  as  PLL  Similarly  Pc12  and  Pe12  corresponds  to  PL2.  Pc13  and  Pel3  cover 
the  limb  sections  interacting  with  the  leakage  flux  due  to  PL3  and  the  inner  fringing CHAPTER  2.  MAGNETISATION  CHARACTERIS'1'1('('O.  Nill(lý']',  Ik'l'ioý\'  39 
r-4 
l7i 
Figure  2.13:  Linear  magnetic  equivalent  circuit  for  axisymmetric  actuator. 
00 
Figure  2.14-.  Nonlinear  permeance  distribution  in  the  axisymmetric  solenoid  actuator CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  40 
flux. 
If  003  defines  the  total  constant  flux  flowing  in  the  limb,  then  000  -  003  :  --  OL  where 
ý00  is  the  total  flux  at  the  bottom  of  the  limb  and  OL  is  the  total  leakage  flux  equal  to 
(OLl  OL2  +  OW 
When  the  leakage  flux  in  each  section  of  the  limbs  (e.  g.  OL3)  is  small  compared  to 
the  respective  constant  flux  (e.  g.  003),  the  permeability  of  the  limb  subsection  may  be 
considered  substantially  constant  over  its  entire  length.  In  this  event,  the  magneto- 
motive  force  (MMF),  due  to  leakage  flux  over  one  section,  may  be  obtained  with  [18]: 
F..  f 
Zi+i 
H(z)  dz 
Zi+l  O(z) 
dz,  (2.47) 
i, 
li, 
ý  -.;  s 
where  H  is  the  magnetic  field  in  the  limb  at  coordinate  z,  dz  the  length  element  along 
the  limb;  O(z)  corresponds  to  the  total  flux  flowing  through  the  limb  at  coordinate  z; 
yj  is  the  constant  permeability  in  the  limb  section  i  due  to  the  corresponding  constant 
flux  and  S  the  limb  cross-section. 
When  applied  between  Z2  and  z3,  (2.47)  changes  into: 
z3 
Fmmf  002  +  OL3 
- 
PL3  (z)  NI  dz  (2.48) 
JZ3S 
12 
Or  by  replacing  PL3  with  (2.9), 
1  z3  NIpo  27r(z  -  Z2) 
F,..  f 
f 
002  +  OL3 
A12-D  dz.  (2.49) 
Z, 
P3S  -2  In 
c 
After  integration,  expression  (2.49)  is  transformed  into: 
IV 
1  NIPL3 
mmf  T-3S 
[002  +  OL3 
2 
(Z3 
-  Z2)-  (2.50) 
AsOL3 
---:  PL3NI,  then 
Fmml  =1 
[002  + 
OL31 
(abcoil  -  X).  (2.51)  ý3S 
2 
Therefore,  the  mmf  drop  in  the  limbs,  due  to  the  leakage  flux  above  the  coil,  can  be 
estimated  with  fair  accuracy  by  assuming  that  they  carry  a  uniformflUX 
Of  [002  +  ýJA] 
2 
throughout  their  section  length  (abcoil  -  X). 
As  mentioned  earlier  in  section  2.3-3,  the  leakage  permeance  PLI,  associated  with 
the  slot  volume  under  the  winding,  generates  an  amount  of  leakage  flux  increasing  with CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  41 
the  yoke  saturation.  The  leakage  permeance  PLI  is  set  in  this  work  as  a  permanent 
element  of  the  MEC,  producing  an  amount  of  mmf  drop  in  the  iron  section,  uncoil, 
equal  to  half  of  its  total  leakage  flux  OLI. 
The  computation  of  the  mmf  drop  due  to  the  leakage  flux  OL2  requires  a  sepa- 
rate  treatment  due  to  the  uniform  distribution  of  the  coil  in  the  slot  section  under 
consideration.  By  applying  (2.47)  to  one  of  the  limb  sections  between  zi  and  Z2,  it 
follows: 
Z2 
F,,,  mf  =  92-S 
001  +  OL2 
-  PL2(z)N(z)Idz,  (2.52) 
or  by  expressing  PL2(Z)  in  (2.52), 
1 
Z2  NIyO  7r(z  -  ZI)2 
Fmmf  001  +  OL2 
A12-D  dz 
, 
(2.53)  '=  ;  72 
-SI, 
' 
(Z2 
-  zj)  In 
C 
where  002  is  in  this  case  the  constant  flux  flowing  throughout  the  limbs  up  to  the 
winding  height.  After  integration,  (2.53)  changes  into 
F,,,  mf=1 
[(001  +  OL2)hcoil  - 
NIpO  7rhCOjj2 
(2.54) 
j12S  31n 
A12-D 
C 
as  hcoil  = 
(Z2 
-  ZI),  or 
NIPL2  hcoil  I 
2S[(Ool 
+  OL2)  hcoil 
3 
The  relation  between  the  total  leakage  permeance  PL2,  as  defined  by  eq.  2.18,  and  (DL2 
is: 
OL2 
---: 
PL2NI. 
Using  this  expression  in  (2.55),  it  follows: 
12 
P2S 
(001  +  5OL2)  hcoil].  (2.56) 
The  mmf  drop  in  the  limbs  due  to  PL2  can  be  estimated  with  reasonable  accuracy  by 
assuming  them  to  carry  a  uniform  flux  Of  [001  +  2OL2]  throughout  their  length  between  3 
zi  and  Z2.  For  the  same  reason,  the  computation  of  the  flux  linkage  contribution  OL2 
due  to  PL2  would  also  lead  to  a  factor  2/3  such  that 
OL2  2 
PL2  N21.  (2.57) 
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Figure  2.15:  Flux  density  distribution  in  pot-core  solenoid  with  G=0.5mm 
2.3.8  Configuration  of  the  Nonlinear  Magnetic  Circuit 
Useful  information  regarding  the  design  of  the  nonlinear  magnetic  equivalent  circuit 
can  be  drawn  directly  from  the  flux  density  plot  given  in  fig.  2.15.  The  gap  was  set  to 
0.5mm  and  the  given  solenoid  design  is  such  that  the  cross-section  area  of  the  linibs  is 
identical  - 
From  this  figure,  it  appears  that: 
1.  The  limbs  are  characterised  by  the  highest  values  of  flux  density,  decreasing  from 
bottom  to  top.  The  flux  density  appears  in  most  sections  uniformly  distributed, 
such  that  a  division  of  the  limbs  in  slices  seems  to  be  a  sensible  approximation. 
The  slot  leakage  is  responsible  for  the  major  variation  of  flux  density  between 
limb  slices.  From  this  observation  it  follows  that  the  evaluation  of  the  rnmf  drop 
due  to  the  leakage  permeance  PL2  is  relatively  approximate  as  the  permeability CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  43 
was  assumed  constant  over  the  entire  height  of  the  winding.  7 
3.  Although  the  flux  density  spectrum  is  similar  in  both  limbs,  the  highest  value 
in  the  outer  limb  is  lower  than  the  one  in  the  central  limb.  The  outer  fringing 
gives  the  outer  limb  a  mechanism  of  de-saturation  that  the  central  limb  does  not 
possess. 
4.  The  armature  and  yoke  may  be  characterised  by  a  wide  range  of  flux  density, 
depending  on  their  respective  thickness.  Neither  the  slice  nor  tube  division  tech- 
nique  seems  appropriate  to  compute  an  accurate  permeance,  while  a  combination 
of  both  is  rather  too  complex  for  a  preliminary  design  tool.  For  simplicity  the 
slice  division  is  applied  to  both  yoke  and  armature. 
The  magnetic  equivalent  circuit  developed  for  the  purpose  of  the  thesis  is  shown  in 
fig.  2.16.  The  grey  permeances  refer  to  the  airgap  paths.  The  leakage  permeances  have 
been  split  into  two  elements'  in  order  to  take  into  account  the  nonlinear  mmf  drop 
induced  by  their  respective  flux.  (see  section  2.3.7). 
The  core  sections  corresponding  to  the  nonlinear  permeance  of  the  magnetic  equiv- 
alent  circuit  are  given  in  fig.  2.14.  The  average  flux  lengths  and  cross-section  areas 
considered  for  the  limb  slices  are  surnmarised  in  table  2.2. 
As  shown  in  fig.  2.14,  the  armature  and  the  yoke  include  a  set  of  five  perme- 
ances,  which  have  been,  each,  divided  into  a  subset  Of  Nsection.  The  average  area 
and  flux  length  used  for  computing  the  mmf  drop  in  the  ONsection)  yoke  and  arma- 
ture  sections  are  surnmarised  in  table  2.3.  For  the  case  of  Pyl,  Py2,  Py4,  Py5  and 
Pal,  Pa2,  Pa4,  Pa5,  the  average  area,  through  which  the  flux  is  flowing,  is  approxi- 
mated  by  a  conical  surface  whose  area  is  given  by: 
Area  =  27r  V-IT-+l  (Dst  Wth  + 
Wth  2 
(2.58) 
2 
7  This  is  an  easy  source  of  possible  improvement  that  could  be  added  on  the  work  presented  in  this 
thesis.  For  high  saturation  an  accurate  network  should  model  the  limbs  and  slot  with  more  than  3 
subsections  or  3  leakage  permeances. 
'However,  only  two-third  of  the  leakage  permeance  PL2  has  been  used  in  the  MEC.  See  discussion 
at  section  2.3.3 CIIAPTER2.  AIAGNETISATIONCHARACTEI?,  ]S'1'1('('O.,  Nllltý'1'.  1l'I'10,,  \'  . 1.1 
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Figure  2.16:  Nonlinear  magnetic  equivalent  circuit  for  axisymmetric  solenoid  actuator CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  45 
I  Limb  sections 
Permeance  Area  Eeýngýth 
Pc13  7rC'  abcoil 
Pe13  7r  ((A/2)'  -D 
2))  abcoil 
Pc12  7rC'  hcoil 
Pe12  7r  ((A/2)2  -  D2))  hcoil 
Pr'll  7rC'  uncoil 
P'll  7r  ((A/2)'  -  D'))  uncoil 
Table  2.2:  Geometric  data  for  computing  the  nonlinear  permeances  in  the  actuator  limbs 
(  -H9t  )2. 
with  K=  Wth 
Table  2.3  surnmarises  the  values  for  Dst,  Wth  and  Hgt  defined  for  each  section.  The 
corresponding  average  flux  length  is  computed  as  follows: 
Length  =01 
Hgt  )2 
+  Wth2  + 
1)  Hg  t)2 
+  Wth2),  (2.59) 
4  VN,; 
ý  t 
-i,. 
) 
N.  ection 
with 
1  Hgt  (1  -  1)  IIgt 
0=  arctan(  N. 
ection  Wth)  -  arctan(. 
ection  Wth 
(2.60) 
The  values  for  1,  Wth,  Hgt  for  each  section  are  given  in  table  2.3  as  well. 
2.3.9  Magnetisation  Surface  Computation 
At  a  constant  gap  the  computation  of  the  magnetisation  data  involves  evaluating  the 
current  necessary  for  producing  a  certain  amount  of  flux  imposed  at  a  certain  point  in 
the  MEC.  This  point  is  usually  chosen  as  one  of  the  working  airgaps.  The  computation 
of  flux  and  mmf  drops  in  all  the  network  branches  is  obtained  by  applying  Kirchhoff's 
Laws  and  Ampere's  law  which  requires  also  the  BII  characteristic  of  the  core  steel. 
With  the  network  configuration  as  shown  in  fig.  2.16,  only  one  simple  iterative 
process  is  required  in  the  overall  nonlinear  computation  (between  the  permeance  Pjj2 
and  the  group  of  permeances  (P.  2,  Plei  Pa5i  Pa4))- 
As  shown  in  fig.  2.16,  the  flux  linkage  corresponds  to  the  flux  computed  in  the  limb 
sections  defined  by  Pc12  and  Pe12.  The  total  mmf  drop  obtained  at  the  bottom  of  the CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  46 
r-  I  Yoke  sections 
Permeanc  Length 
Eq.  (2.58)  with  Eq.  (2.59)  with 
Pyl  Wth  = 
Fj  Hgt  =  C,  Dst  =0  Nsection  1=j,  Wth  =  F, Hgt  =C 
Eq.  (2.58)  with  Eq.  (2.59)  with 
Py2  Wth  =  FHgt  -C 
(Ngecti.  -J)  Dst  =  C' 
Nsection  Nsecti(m  Wth  =  C,  Hgt  =  F, 
I=  Naection  +1 
Py3  27rF(C  + 
WjlNsection)  WINection 
Py4 
Eq.  (2.58)  with 
Wth  =  F,  Hgt  = 
Di 
, 
Dst  =C+W  Xpection 
Eq.  (2.59)  with 
1=j,  Wth  =  F, IIgt  =C 
Eq.  (2.58)  with  Eq.  (2.59)  with 
Py5 
F(N,  ecti,  n-j)  Wth  --  N.,  cti. 
Hgt=D,  Dst=C+W 
1 
Wth=FIlgt=D 
1=N. 
ection  +1 
Armature  sections  I 
EP-ermeance  Area  T-Length 
Eq.  (2.58)  with  Eq.  (2.59)  with 
Pal  Wth  = 
Tj 
, 
Hgt  =  C,  Dst  =0  Nsection 
1  j,  Wth  =  T,  IIgt  C 
Pa2 
Eq.  (2.58)  with 
Wth  =  T,  Hgt  -- 
C  (N,,  tj.  -j)  Dst  C3 
N.  eaj.  Naection 
Eq.  (2.59)  with 
Wth  =  C,  IIgt  T, 
I=  Nsection  +1 
Pa3  27rF(C  +  WiMsection)  WINection 
Eq.  (2.58)  with  Eq.  (2.59)  with 
Pa4  Di 
. t,.  n, 
Dst  =C+W  Wth  =  T,  Hgt  =  N..  c 
I=j,  Wth  =  T,  IIgt  C 
Eq.  (2.58)  with  Eq.  (2.59)  with 
Pa5  Wth  _ 
T(N,  ýctiýn-j)  Ilgt  =  D,  Dst  =C+W 
I  Nsction 
_ 
Wth  =  T,  IIgt  D 
II=  Nection  +1iII 
Table  2.3:  Geometric  data  for  computing  the  nonlinear  permeances  in  the  yoke  and  arma- 
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Figure  2.17:  Magnetisation  surface 
NIF.  C  gives  approximately  the  necessary  alliolint  of  allipci-c-till-lis  1-c(IIIII-ed  to  p-licrate 
t  lic  imposed  flux  in  one  of'  t  he  working  airgaps. 
By  repeating  the  Overall  algorithill  for  it  set  of  f1lix  Inputs  and  strokes.  IIIv  complete 
111jigiieti.  sation  surface  is  ralWily  gCIICNIt('d.  , \It  CNitillple  of'  such  it  sill-flice  Is  givell  III 
fig.  2.17. 
2.3.10  Topology  for  High  Current  Level 
The  NI  1"C  colifigurilt  loll  1,01-  Iligh  cill-l-clit  Icv(.  1  I  ýikc  mi  o  iwcouw  i  hc  mcchý,  11ij,  11, 
of'desaturation  of't,  ll(,  oliter 
111111)  providcd  I)Y  I  lic  olliel.  1`111191119  I)CIA11CMICC.  All  CNiIIIII)IC 
of  a  hetter  (.  11-clilt  topology  is  given  In  fig.  2.  where  I  he  ollici.  h-lilging  1wrilicam-cs1lort 
cil-cult's  illost,  of  the  olitcl,  111111).  1.  (,  (Ill(.  Illg  t  hcref*Orc  t  he  ýIlflollllt  of'  111111f,  drop  wil  hill  I  he 
oliter  limb. 
Sit  cI  i  it  cmifigurat  ion  requires  I  lowevel.  it  II  lore  1  cd  tot  IS  (.  ()I  II  I)  III  it  I  ]()I  I  ;II  got'  It  11111  ;  Is  f  lic CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  48 
amount  of  mmf  drop  on  the  outer  fringing  permeance  is  a  function  of  the  nonlinear 
mmf  drop  within  the  outer  limb,  itself  function  of  the  leakage  fluxes.  The  network 
computation  involves  therefore  an  iteration  process,  including  a  large  part  of  the  mag- 
netic  circuit  equations,  which  slows  down  the  computation  of  the  magnetisation  data. 
If  the  iterative  scheme  involves  some  partial  differentiation  such  as  Newton-Raphson, 
an  analytical  approximation  of  the  BH  curves  is  also  recommended. 
An  example  of  magnetisation  curve  computation,  obtained  by  both  networks  (see 
fig.  2.16  and  fig.  2.18)  and  finite-elements  is  given  in  fig.  4.11  and  fig.  4.12.  Although 
the  results  are  more  accurate  with  the  modified  network,  only  the  simpler  network  is 
considered  in  the  following  chapters. CHAPTER2.  XIA  GATTIS,  VI'l  0  A,  cl  IA  I? 
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Figure  2.18:  Modified  magnetic  equivalent  circuit  for  high  current  simulation CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  50 
2.4  Rectangular  Solenoid  Actuator 
The  magnetic  equivalent  circuit  developed  for  the  rectangular  device  is  derived  by 
analogy  with  the  axisymmetric  problem.  For  this  reason,  the  general  topology  of 
the  nonlinear  network  for  E-core  actuator  is  similar  to  the  one  obtained  for  the  pot- 
core  solenoid  (fig.  2.16).  However  the  central  limb  is  also,  in  the  rectangular  case, 
characterised  by  an  outer  fringing  permeance  (end-effects)  in  parallel  with  the  main 
gap  permeance  (see  fig.  2.24). 
Due  to  the  symmetric  configuration  of  this  actuator,  only  half  of  the  actual  magnetic 
circuit  is  simulated.  The  final  flux  linkage  computed  from  the  circuit  is  then  only  half 
on  the  actual  flux  linkage  for  the  same  current  consumption. 
Compared  to  the  pot-core  actuator,  the  E-core  is  relatively  more  complex  to  ap- 
proximate  analytically,  due  to  its  short  stack  length  leading  to  a  significant  proportion 
of  end-effects.  Only  a  3D  finite  element  analysis  enables  a  complete  evaluation  of  these 
end-effects. 
2.4.1  Airgap  Paths 
The  different  airgap  paths  are  approximated  with  a  series  of  2D  flux  paths  for  which 
it  is  possible  to  estimate  analytically  the  permeances.  The  development  is  given  in 
the  following  sections.  The  bilinear  transformation,  as  developed  in  section  2.3.4  for 
computing  the  axisymmetric  fringing  permeances  , 
is  also  applied  for  the  E-corc  fringing 
flux.  The  limit  between  fringing  and  leakage  on  the  slot  side  of  each  limb  is  also  based 
on  the  conformal  transformation,  explained  in  section  2.3.5.  Figure  2.1  supports  again 
the  following  developments. 
Working  Airgap  Permeance 
The  working  airgap  permeances  P.,  and  P.  2  are  evaluated  as  follows: 
P91  = 
po  LG CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  51 
and 
P92 
- 
po  L,,,  i,,  (D  -A2B  (2.62) 
G 
where  L,,  i,,  is  equal  to  the  smallest  value  between  Astk  and  Lstk.  The  subscripts  1 
and  2  refer  to  the  central  and  outer  limbs  respectively. 
Leakage  Permeances 
The  computation  of  the  permeances  for  leakage  flux  is  based  on  the  same  general  as- 
sumptions  as  the  ones  developed  for  the  axisymmetric  actuator  (section  2.3.3).  There- 
fore  the  leakage  flux  is  divided  into  three  sections:  above  (PL3),  on  (PL2)  and  under 
(PLI)  the  coil.  For  simplification,  the  leakage  permeance  under  the  coil  is  computed 
in  a  similar  way  as  above  the  coil.  However  compared  to  the  axisymmetric  case,  the 
leakage  permeances  include  several  2D  paths  labelled  a,  b,  c  as  shown  in  fig.  2.19. 
*  For  PL3 
9 
it  follows  that 
Section  a 
PL3a  ý 
po  Lstk  (abcoil  -  X) 
(2.63) 
w 
Section  b 
In  section  b,  the  flux  path  is  compared  to  a  semicircular  cylindrical  volume 
of  radius  W/2,  for  which  Roters  computed  the  permeance  as 
PL3b  =  0.26  pol,  (2.64) 
where  I  is  equal  in  this  context  to  (abcoil  -  X).  In  this  computation,  the 
mean  length  of  the  flux  path  is  assumed  to  be  equal  to  the  line  at  mid- 
way  between  the  diameter  and  the  semi  ci  rcunference  (leading  to  1.221V). 
And  the  mean  area  is  computed  as  the  total  volume  divided  by  the  mean 
flux  length  (leading  to  ,  W2  ).  With  the  previous  assumptions,  it  follows 
8  1.22  W 
that  the  permeance  in  section  b  does  not  vary  with  the  slot  width.  This 
permeance  has  to  be  counted  twice  for  each  side  of  the  core. CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  52 
Section  c 
The  computation  of  section  c  involves  two  steps: 
1.  The  flux  is  first  assumed  to  flow  between  two  concentric  circles  of  radius 
rl  and  r2  with  rl  >  r2  such  that 
PL3c  ' 
po  (abcoil  -  X) 
In  rl  (2.65) 
7r 
-  7-2 
This  permeance  has  to  be  counted  twice  for  each  side  of  the  core. 
2.  In  reality  the  circles  are  non-concentric  such  that  rl  and  r2  are  com- 
puted  with  the  equation  of  the  bilinear  transformation  in  which 
Rl  = 
C+D+W 
(2.66) 
2 
R2  =w  (2.67) 
2 
Di  = 
IC 
2 
DI 
(2.68) 
e  Similarly  the  leakage  permeance  under  the  coil  PL,  is  evaluated  by  computing  the 
three  previous  2D  flux  paths  in  which  the  length  of  the  limb  section  (abcoil  -  X) 
should  be  replaced  by  uncoil.  However  another  small  leakage  contribution  has 
been  also  added  to  this  permeance  which  takes  into  account  the  so-called  'corner 
to  corner'  leakage  [18].  It  is  approximated  with  a  spherical  quadrant  delimited 
by  surface  1  and  2  shown  in  fig  2.20  for  which  Roters  computed  the  permeance 
as  being  equal  to  0.077  po  I  where  1  is  set  to  W  in  this  context.  This  permcancc 
has  to  be  counted  twice  for  each  side  of  the  core. 
*  The  effective  contribution  of  the  leakage  along  the  coil  section  (PL2)  is  obtained  by 
following  the  same  procedure  as  the  one  developed  for  the  axisymmetric  actuator. 
From  this  calculation,  it  can  be  shown  again  that: 
1.  Only  half  of  this  permeance  is  actually  producing  a  leakage  flux  which  would 
link  the  total  number  of  ampere-turns.  This  evaluation  is  based  on  the 
assumption  that  the  iron  is  characterised  by  an  infinite  permeability. CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  53 
Figure  2.19:  Top  view  of  an  E-core  with  approximated  leakage  flux  paths. 
2.  A  third  only  of  the  total  leakage  permeance  is  actually  producing  a  flux 
linkage  and  only  this  part  of  the  effective  leakage  permeance  is  taken  into 
account  in  the  magnetic  equivalent  circuit.  (see  discussion  in  section  2.3.3). 
The  considered  leakage  permeance  PL2  is  then  equal  to  one-third  of  the 
total  permeance  corresponding  to  the  three  2D  flux  paths  computed  for  PL3 
(section  a,  b,  c)  in  which  (abcoil  -  X)  is  however  replaced  by  hcoil.  It  follows: 
PL2  -": 
go  heoil 
( 
Lstk 
+0.52  +2  In  rl  (2.69) 
3w  7r  r2 
Outer  Fýringing  Permeances 
The  E-core  actuator  requires  the  computation  of  an  outer  fringing  permeance  for  eacli 
limb.  The  end-effects  on  the  central  limb  involves  only  two  sides  of  the  limb,  opposite 
to  each  other  and  characterised  by  a  width  C.  The  computation  is  supported  by 
figure  2.21. (.  41APTER2.54 
Slot 
Lamination  stack 
Figure  2.20:  Details  of  flux  paths  for  leakage  under  the  coil.  Side  view  of  an  E-core  actuator. 
The  outer  lind)  requires  an  outer  fringing  evaluation  on  t  lirce  sides.  Two  of'  I  hem. 
opposite  to  each  other  and  of  widtli  /),  are  treated  in  a  similar  way  its,  for  Hie  ceilti-jil 
limb  case.  The  third  side,  characterised  by  a  Nvidth  L.  st/,  -,  is  considered  separately  III 
order  to  take  into  account  a,  possible  variation  of  width  between  armill  III,  c  jjjj(j  (.  ol,  (.  s) 
US  development  is  supported  by  fig.  211  In  the  cV0111  Where  1here  is  it  significant, 
variation  between  the  stack  length  of  the  (ore  and  the  armature,  it  similar  change  ill 
the  rringing  evahation  has  to  be  added  for  the  two  prevW"s  A44  of  The  (mim  Hmb 
and  the  two  mentioned  sides,  of  the  central  finib. 
o  Central  Limb 
For  simplification  the  outer  fringing  for  this  IiIIII)  I,,  approximilled  I)v  ()IIIv  hv() 
tYpcs  of  2D  flux  paths,  called  o  mid  1,111  fig.  2.21. 
For  section  a,  the  computation  011CC  Mon.  the  collihillatioll  of: 
/10  C' 
(2.70) 
7r 
and  the  billnear  transformation  given  in  sect  ion  2.3..  l  wit  h 
R2  (2.71) 
(2.72) 
ý'This  is  the  case  in  practice  due  t,  O  th('  110using  configuration  in  Which  the  core  and  armalure  are 
placed  with",  the  fliel  injector CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  55 
Di  = 
E-T 
2 
This  permeance  is  counted  twice. 
For  section  b,  the  computation  is  given  by  eq.  (2.64)  where  I=C: 
(2.73) 
Pf  elb  =  0.26  po  C.  (2.74) 
This  permeance  has  also  to  be  counted  twice.  Then 
Pf,  j  =2  (Pfel,,  +  Pfelb)-  (2.75) 
9  Outer  Limb 
As  mentioned  above  the  two  first  sides  of  this  outer  limb  are  affected  by  a  similar 
end-effect  as  the  one  computed  for  the  central  limb.  The  same  approximations 
are  thus  applied  and  lead  to  eq.  (2.74)  and  (2.70)  where  C  is  replaced  by  D.  The 
parameters  for  the  bilinear  transformation  are  also  given  by  eq.  (2.71),  (2-72), 
(2.73). 
The  outer  fringing  flux  on  the  third  side  has  been  divided  into  three  2D  flux 
sections  (a,  b,  c)  as  shown  in  fig.  2.22. 
1.  In  section  a,  the  airgap  permeance  is  computed  with  eq.  (2.74).  However 
the  mean  flux  length  is  here  two  time  shorter,  therefore: 
Pf  e2a  0.52  po  Lstk.  (2.76) 
2.  In  section  b,  the  computation  is  straightforward  and  leads  to: 
Pf 
e2b  "' 
2  po  Lstk 
In 
A-B 
(2.77) 
7r  2G 
3.  In  section  c,  the  outer  fringing  flux  is  assumed  to  flow  between  two  non- 
concentric  circles  by  considering  an  imaginary  E-core  characterised  with  a 
same  width  for  the  armature  and  the  core.  The  radius  of  the  smaller  circle 
is  arbitrarily  set  to  (A  -  B)14  such  that  the  parameters  for  the  bilinear 
transformation  given  in  section  2.3.4  are: 
R2  = 
(A 
4 
B) 
(2.78) CIIAPTER2.  AIAGNETISA'I'IONCHAIIA("I'l,  'I?  IS'1'1('(I'OAIIIIý7'1',  1'1'1().  \'  : 56 
Lstk 
Figure  2.21:  Approximation  of  the  end-effects  on  the  central  limb  for  E-core  actuator. 
(2.79) 
Di  (2.80) 
The  total  permeance  Pf(2  for  the  outer  111111)  is,  ohtimled  I)Y  jj(l(lIjjg  t,  lj(ý  p(,  j-I)ICiIIIC(I 
of  the  five  given  21)  flux  paths.  More  friliging  flux  (.  01111lig  from  the 
could  I)e  also  considered  in  the  computahoii  of'  I'f(2 
- 
Inner  Fý-inging  Permeances 
The  inner  fringing  flux  (Pfi)  is  divid('d  Mto  tAVO  Pill-ts  called  (0,  iis  showii  i  iý,  11  1 
,. 
2. 
lu  each  sect,  ion,  Hie  permeance  compill'aholl  follows  t,  ll('  "mile  techill(Ilic  as  IIIc  ofic 
developed  for  the  axisymmet,  ric  act,  tiat,  or. 
1.  Path  b 
For  this  section,  the  pernicance  is  co,  ijpjt(ý(j  w1t,  11  (,  (1.  (2.76). 
Path  a 
Thecoinputation  of  section  a  is  suPPortcd  by  fig.  2.12.  Tlic  Imlit CHAPTER  2.  MAGNETISATION  CHAI?  ACI'ERIS'1'1('(,  'OAIII(,  "l'.  1l'i'/(),  '\'  57 
Dn 
(A)  (B) 
Figure  2.22:  Approximation  of  the  end-effects  on  one  side  of  the  outer  limb. 
and  leakage  (leading  to  the  computation  of  X)  is  ohlained  froin  cq.  (2.39)  aml 
eq.  (2,40).  Ile  points  IN  and  IN  are  compnt(A  impectiven-  wit  h  (M.  (2A3)  and 
eq.  (2,42).  However  the  perineance  between  the  two  concentric  circle  ill-cs  ill  it 
redanguhr  prolAmn  is  equA  to: 
Pf 
21io  L.  sl  A- 
III  "1 
(2.81) 
7r  r2 
wI  wre  r  I,  r2  are  given  by  eq.  (2.28)  a  nd  (2.26).  Hl,  /),  ;  ire  respect  I  vely  (ývjj  III  jit(,  j 
froin  eq.  (2.44),  (2.45)  and  R2  =  G. 
2.4.2  Nonlinear  Magnetic  Equivalent  Circuit 
The  nonlinear  equiva,  lent  (-ir(-uit,  for  the  redangular  device  hit,,,  hecii  dc-,  igucd  hy  imillogy 
with  the  axisymni0xic  actuator  and  is  given  in  Hg.  211  in  Wid  lhws 
. 
11w  F  cow  Mmi 
is  divided  into  the  same  number  of  sections  as  for  the  pot-core  shown  in  lig.  2.1  1. 
'I'lle  minputation,  of  the  cross-sed,  ion  and  mean  flux  length  for  em-11  if'ofl  perincance  is 
relatively  straightl5orward  and  is  not  rurtlu,  r  dim-usset]. 
At,  die  point,  of'  view  of  t  lie  dynamic  perf'ormancc,  I  lic  rect  aligular  41(wicc  prescills - 
CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  58 
2.25 
2.00 
1.75 
1.50 
1.25  to 
1.00 
0.75 
0.50 
0.25 
0.00 
orientation 
11  1  Tranverse  orientation  I 
5000  10000  15000  20000 
H  [A.  m'll 
Figure  2.23:  BH  curves  for  anisotropic  2.5  %  SiFe  Steel. 
a  serious  advantage  compared  to  the  pot-core.  Indeed,  the  eddy  current  can  be  signif- 
icantly  reduced  by  laminating  the  core  without  affecting  the  cost.  Therefore  a  stack 
factor  (typically  0.95  <  Fstk  <  1)  should  also  be  taken  into  account  when  computing 
the  flux  density  in  the  iron  section.  The  laminations  are  usually  made  of  grain-oriented 
(anisotropic)  steel  such  that  the  computation  of  the  magnetisation  curves  for  the  E-core 
requires  three  different  BH  curves:  two  for  the  core  and  one  for  the  solid  iron  armature. 
The  first  core  BH  curve,  measured  in  the  grain  orientation,  is  applied  for  computing 
the  mmf  drop  in  both  limbs  and  also  in  the  yoke  sections  defined  by  Pyl  and  Py5  in 
fig.  2.14.  The  second  BH  curve  is  measured  in  the  transverse  direction  of  the  grain 
orientation  and  is  applied  to  the  remainder  sections  of  the  yoke.  The  same  approach 
has  been  considered  in  the  finite-element  analysis.  Figure  2.23  shows  the  two  measured 
BH  curves  corresponding  to  the  anisotropic  steel  used  in  the  E-core  simulations.  The 
E-core  BH  characteristics  for  the  armature  is  given  in  fig.  4.2  and  corresponds  to  the 
same  steel  as  for  the  pot-core. CHAPTE'R2.  MAGNETISATIOA,  CHA  1?,  ýj  (-(),  N  I/,  I 
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Figure  2.24:  Magnetic  equivalent  circuit  for  the  rectangular  actuator. CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  60 
2.4.3  Topology  at  High  Current  Level 
The  E-core  magnetic  equivalent  network,  as  presented  in  solid  lines  in  fig.  2.24  will 
not  perform  greatly  at  high  saturation.  The  natural  mechanism  of  de-saturation  of 
the  limbs,  played  by  the  outer  fringing  flux  is  not  properly  simulated  in  the  network. 
A  better  circuit  configuration  could  be  the  one  shown  in  fig.  2.24  where  the  outer 
fringing  permeances  on  both  limbs  are  moved  to  the  dashed  line  position.  However 
such  configuration  requires  a  relatively  complex  iterative  process  and  thus  more  com- 
putation  time.  Therefore  it  is  not  considered  in  practice.  Instead  the  flux  leakageOL2 
(fig.  2.14),  computed  from  the  branch  containing  PL3/2  in  parallel  with  PL2,  is  uni- 
formly  distributed  on  the  coil  height  by  dividing  these  limb  sections  into  a  number  of 
equal  subsections  10.  The  overall  saturation  of  the  limbs  is  then  reduced  for  the  same 
total  leakage  and  fringing  flux  amount.  This  is  clearly  an  approximation  that  modifies 
only  the  saturation  of  the  final  portion  of  the  magnetisation  curves. 
2.5  Conclusions 
A  comparison  of  each  permeance  element  obtained  by  different  methods  is  not  very 
straightforward.  Indeed,  some  of  the  components  such  as  the  cross  slot  leakage  PLI  or 
PL3  do  not  exit  in  Roters'  MEC.  Also  some  components,  such  as  PL3  and  the  inner 
fringing  permeance  can  not  be  evaluated  separately  in  the  finite-element  analysis.  In 
the  case  of  the  E-core,  all  the  permeance  elements  with  the  exception  of  the  main 
airgap  ones,  can  not  be  evaluated  separately  due  to  their  3D  paths.  For  these  reasons, 
a  comparison  of  the  airgap  elements  is  limited  to  the  pot-core  actuator  and  is  performed 
when  possible  with  a  linear  finite-element  analysis  and  Roters'method. 
The  elimination  of  some  of  the  airgap  elements  during  the  finite  element  analysis  is 
obtained  by  setting  a  very  low  permeability  (10-14)  in  their  region  compared  to  the  air 
permeability.  The  flux  is  therefore  less  willing  to  flow  in  these  areas  and  concentrated 
within  the  regions  under  study.  For  a  current  level  I  and  a  number  of  turns  N,  the 
IOThe  number  of  subsections  is  given  by  the  variable  Limbsec  in  the  program  source  code. CHAPTER  2.  MAGNETISATION  CHARACTERISTIC  COMPUTATION  61 
total  flux  0,  linking  the  coil,  is  computed  over  the  winding  cross-sections  and  the  total 
permeance  is  obtained  from  : 
Pt.,  t  =0  NI* 
(2.82) 
The  equivalent  computation  of  the  total  permeance  Ptot  with  Roters'method  or 
based  on  the  analysis  given  in  this  chapter,  depends  on  the  airgap  regions  under  study. 
The  following  analysis  have  been  carried  out: 
1.  The  first  study  includes  the  main  airgaps  (PGI,  PG2)  and  also  the  inner  perme- 
ances  called  Pf  ib  11 
2.  The  second  analysis  includes  the  airgap  components  of  the  previous  analysis  and 
the  outer  fringing  permeance  (Pf,  ). 
3.  The  third  analysis  contains  the  main  airgap  permeances  ,  the  inner  fringing  per- 
meances  (Pfi)  for  both  limbs  and  the  cross  slot  leakage  permeance  PL3  as  they 
can  not  be  separated.  These  is  no  equivalence  for  Roters'analysis  in  this  case. 
4.  The  last  study  includes  all  the  previous  airgap  elements  with  also  PL2  and  PLI  . 
The  results  of  these  analyses  are  summarised  in  table  2.4  and  table  2.5  for  two 
airgap  lengths.  The  dimensions  of  the  actuator  are  surnmarised  in  table  4.1.  The 
permeances  are  given  in  (WbIA)  and  the  error  between  the  analytical  approaches  and 
finite-elements  is  given  between  brackets  for  each  study. 
A  comparison  of  the  total  airgap  permeance  has  been  also  evaluated  for  a  different 
pot-core  for  which  A  was  set  equal  to  36  mm,  E  to  30  mm  and  D  to  3  mm  and  a 
larger  gap  of  0.3mm.  The  other  dimensions  are  surnmarised  in  table  4.1.  The  results 
are  given  in  table  2.6. 
In  summary,  the  thesis  development  for  the  pot-core  actuator  performs  better  than 
Roters'  approach  for  large  gaps  or  more  unusual  designs  (e.  g  large  slot,  long  length). 
11AIthough.  the  inner  fringing  region  was  set  up  with  very  low  permeability,  the  inner  fringing 
elements  (Pfib)  could  still  be  visible  in  the  finite-element  flux  plots  and  has  therefore  be  included  in 
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Study  number  FEA  I  Roters  I  New  technique 
G=0.045rnm 
1 
(10-6  WbIA)  3.025  2.995  (0-98%)  2.995  (0.98%) 
2 
(10-6  WbIA)  3.092  3.054  (1.24%)  3.066  (0.85%) 
3 
(10-6  WbIA)  3.128  -  3.110  (0.57%) 
4  (10-6  WbIA) 
, 
3.304 
, 
3.316  (0.34%) 
. 
3.267  (1.13Ko)  j 
Table  2.4:  Airgap  permeance  evaluation.  Comparison  between  2D  finite-elements,  Rot- 
ers'method  and  the  thesis  approach. 
Study  number  I  FEA  Roters  New  technique 
G=0.195mm 
1 
(10-7  WbIA)  7.185  7.080  (1.46%)  7.080  (1.46%) 
2 
(10-7  WbIA)  7.453  7.494  (0.5%)  7.589  (1.82%) 
3 
(10-7  WbIA)  7.744  -  7.770  (0.33%) 
4 
(10-7  WbIA) 
. 
9.127  9.420  (3.2%)  9.144  (0.18%)_ 
Table  2.5:  Airgap  permeance  evaluation.  Comparison  between  2D  finite-elements,  Rot- 
ers'method  and  the  thesis  approach. 
However  both  methods  reach  a  good  level  of  accuracy,  under  10  %  error  with  finite- 
elements. 
A  comparison  between  the  presented  analytical  approach,  2D  and  3D  finite-elements 
is  also  given  in  chapter  4  for  the  rectangular  actuator,  based  on  the  computation  of  the 
magnetisation  characteristics.  The  slope  of  the  linear  section  of  these  curves  depends 
greatly  on  the  total  airgap  permeance  computed  at  a  fixed  armature  position. 
From  this  chapter,  it  can  already  be  concluded  that: 
9A  magnetic  equivalent  circuit  is  a  relatively  flexible  analytical  method  for  analysing 
any  type  of  electromagnetic  device.  The  level  of  accuracy  and  the  computational 
time  are,  to  some  extend,  a  function  of  the  level  of  refinement. 
9  This  method  requires  a  relatively  high  development  cost.  The  mathernatic  in- 
volved  can  be  tedious  and  any  new  geometry  or  device  requires  in  general  to  start 
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Study  number 
G=0.3rnrn 
I  FEA  Roters  New  technique 
4 
(10-7  WbIA)  1  7.058  7.566  (7.185%)  7.127  (0.97  Mo 
Table  2.6:  Total  airgap  permeance  evaluation.  Comparison  between  2D  finite-elements, 
Roters'method  and  the  thesis  approach. 
*A  better  network  design  requires  a  high  level  of  understanding  of  the  magnetic 
phenomena  occurring  in  the  actuator  under  consideration,  a  function  of  the  de- 
vice  geometry,  dimensions,  armature  position  and  also  saturation  level.  For  this 
reason,  the  support  of  a  finite-element  analysis,  for  observing  and  quantifying 
these  phenomena  is  an  invaluable  advantage  compared  to  40  years  ago. 
e  For  a  given  machine,  many  different  types  of  circuit  may  be  considered.  However 
the  most  difficult  aspect  remains  an  accurate  estimation  of  the  linear  and  non- 
linear  permeances  specific  to  each  network.  And  unfortunately  this  aspect  has 
not  been  widely  covered  in  the  literature  and  even  less  the  notion  of  optimised 
magnetic  circuit  configuration. Chapter  3 
0 
Magnetic  Gauge  Curve 
3.1  Introduction 
A  computer-based  modelling  of  a  variable  reluctance  (VR)  electromagnetic  device  is 
often  required  for  conducting  an  optimisation  routine  or  for  testing  some  specific  control 
scheme.  Within  such  a  process,  the  electromagnetic  behavior  of  the  given  device  is 
usually  obtained  by  interpolating  a  set  of  test-  or  FE-data  which  relates  the  variation 
of  flux  linkage  to  the  magnetisation  current  I  and  rotor  position  x.  There  are  clearly 
some  disadvantages  associated  with  such  a  technique;  a  good  level  of  accuracy  requires 
a  large  amount  of  data  to  be  evaluated  and  stored;  the  computational  speed  is  decreased 
by  the  search  process  within  the  look-up  table  and  the  2D  interpolation;  the  evaluation 
of  co-energy  and  magnetic  force  has  to  be  numerically-based  which  reduces  again  the 
computational  speed  and  overall  accuracy 
For  switched  reluctance  or  stepping  motors,  several  techniques  have  been  proposed 
over  the  years  e.  g.  [22,26,25]  considered  respectively  quadratic,  exponential  and 
cubic-spline  functions  fitted  to  measured  magnetisation  curves.  [34]  used  a  complete 
analytical  model  of  the  magnetisation  curves  allowing  the  direct  evaluation  of  flux 
linkage  for  any  current  or  rotor  position.  Newer  approaches  involved  ANN  or  fuzzy 
logic  trained  on  a  set  of  test-  or  FE-data  [35,36]. 
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The  aim  of  this  chapter  is  to  introduce,  develop  and  discuss  a  different  technique 
for  computing  and  handling  the  electromagnetic  information  of  any  type  of  variable 
reluctance  device.  This  concept  was  inspired  by  the  work  carried  out  by  Miller  [37], 
who  developed  an  interpolation  function  between  the  magnetisation  characteristics 
corresponding  to  the  aligned  and  unaligned  positions  of  a  switched  reluctance  machine 
(SRM).  In  this  paper,  the  gauge  curve  technique  has  been  re-defined  and  enlarged  to 
include  any  type  of  VR  device.  It  shows  that  the  gauge  curve  is  not  only  a  mathemat- 
ical  tool  but  involves  useful  design  information.  The  general  technique  for  evaluating 
the  interpolation  function  is  first  developed  and  then  demonstrated  on  two  different 
examples:  the  flat-faced  linear  actuator  and  the  doubly  salient  rotary  machine  more 
commonly  known  as  the  switched  reluctance  machine. 
General  Theory 
A  gauge  curve  is  defined  in  the  thesis  as  an  interpolation  function  between  the  magneti- 
sation  curves  0(1)  corresponding  to  the  minimum  and  maximum  inductance  positions 
of  any  type  of  variable-reluctance  electromagnetic  device. 
The  general  expression  of  the  gauge  curve  for  VR  machines  is  obtained  by  comput- 
ing,  for  any  intermediate  rotor  position  i,  a  normalised  current  IN(Xi,  1P)  at  constant 
flux  linkage  : 
IN  (Xi 
9 
0)  ": 
I(xi,  0)  1.  (0) 
7  1.  (0)  -  1.  (0) 
with,  O  =  Cst  and  where  I,,  (tk)  =  I(O,  x.  )  and  1.  (0)  =  I(O,  x,  ). 
The  subscripts  a  and  u  refer  respectively  in  all  equations  to  the  maximum  and  minimum 
inductance  position  for  any  type  of  VR  machines.  The  subscript  i  refers  to  the  current 
position. 
This  operation  can  be  analytically  expressed  by  applying  Ampere's  law 
NI(xi,  0)- 
0 
(3.2)  P9tot  (xi)  i 
at  the  different  rotor  positions  (a,  u,  i)  and  at  constant  flux  linkage  (0  =  Cst). 
In  eq.  (3.2),  NI(xi,  0)  is  the  total  number  of  Ampere-turns  and  Pt,,  t  (xi)  is  the  total CHAPTER  3.  MAGNETIC  GAUGE  CURVE  66 
airgap  permeance  at  position  xi  (including  fringing  and  cross  slot  leakage).  0  is  the 
flux  computed  as  the  ratio  of  flux  linkage  0  with  the  number  of  turns.  The  second 
term  on  the  right-hand  side  represents  the  total  mmf  drop  within  the  iron  for  the  flux 
linkage  under  consideration. 
By  combining  (3.1)  with  (3.2),  it  follows 
11  (Ej  Hij  lij  -  Ej  H.  j  1.  j)  /0 
IN  (Xi 
pgt.  t  (xi)  Tgt.  Ttx7a 
+ 
(3.3) 
11+  (Ej  H￿j  1￿j  -  rj  H￿j  1￿j)  /0  pgt.  t  (x.  )  pgtot  (x.  ) 
This  is  the  general  equation  of  the  gauge  curve  from  which  the  final  expression  for 
each  type  of  electromagnetic  device  can  be  derived  by  making  appropriate  assumptions. 
In  general,  the  interpolation  function  varies  with  flux  and  rotor  position  and  corre- 
sponds  to  a  set  of  curves  defined,  each,  at  constant  flux  linkage.  If  the  airgap  perme- 
ances  are  assumed  to  be  independent  of  the  flux  level,  the  contribution  due  to  flux  and 
to  airgap  length  appears  in  separate  terms.  Therefore  when  saturation  is  still  negligible 
compared  to  the  mmf  drop  in  the  gaps,  a  good  approximation  of  the  gauge  curve  may 
be  derived  from  the  knowledge  of  the  total  airgap  permeance  only. 
The  gauge  curve  model,  based  on  a  normalised  current  technique  as  presented  here, 
is  relatively  new.  An  interpolation  function  has  already  been  applied  by  Miller  [37]  be- 
tween  the  aligned  and  unaligned  magnetisation  characteristics  of  a  switched  reluctance 
motor.  But  his  approach  took  another  direction  and  involved  modelling  the  gauge 
curve  with  a  set  of  piecewise  functions,  describing  the  variation  of  a  normalised  flux 
linkage  ? PN(O)  with  rotor  position  0.  At  any  intermediate  position,  the  relation  between 
the  normalised  value  of  flux  linkage,  constant  at  any  current  level,  and  the  actual  flux 
linkage  was  given  by  : 
0  (Ie  0)  :  --  ON  (0)  (*0  (11  Oa)  -0 
(Ie  Ou»  +0  (1,  Ou).  (3.4) 
The  choice,  in  the  thesis  of  a  normalised  current  model,  instead  of  a  normalised 
flux  linkage  model,  resulted  from  a  comparison  of  both  model  performances. CHAPTER  3.  MAGNETIC  GAUGE  CURVE 
Model  1  Model  2 
O(x)  with  I=  Cst  I(x)  with  Cst 
Table  3.1:  Normalisation  Equations 
3.1.2  Comparison  of  Model  Performance 
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The  two  possible  gauge  curve  models  for  generating  the  intermediate  magnetisation 
curves  of  any  electromagnetic  devices  are  summarised  in  table  3.1.  Although  their  per- 
formance  may  vary  significantly  with  the  type  of  machines,  their  main  characteristics 
(or  differences)  may  appear  already  clearly  by  applying  both  techniques  on  a  set  of 
magnetisation  data. 
Each  model  is  based  on  a  different  sub-set  of  functions,  derived  from  the  magneti- 
sation  data.  For  example,  if  the  magnetisation  surface,  given  in  fig.  2.17  and  corre- 
sponding  to  a  axisymmetric  flat  faced  actuator,  is  taken  as  the  basis  of  this  discussion, 
it  follows  from  table  3.1  that: 
Model  1  is  based  on  the  sub-set  of  curves  V)(x)  defined  at  constant  current  levels. 
Figure  3.1  shows  the  sub-set  retrieved  from  fig.  2.17. 
Model  2  is  derived  from  the  sub-set  of  curves  I(x)  defined  at  constant  flux  linkage. 
Figure  3.2  shows  this  sub-set  retrieved  from  fig.  2.17. 
The  gauge  curve  equations  (?  PNi  for  model  1  and  INi  for  model  2),  given  in  table  3.1, 
are  then  applied  to  their  respective  set  of  curves  and  aim  to  remove  the  magnetic 
information  which  is  already  contained  in  the  magnetisation  curves  corresponding  to 
the  minimum  and  maximum  inductance  positions. 
The  result  of  this  operation  is  shown  in  fig  3.3  and  3.4  and  is  discussed  below: CHAPTER  3.  MAGNETIC  GAUGE  CURVE  68 
Normalised  flux  Model 
In  fig.  3.1  the  shape  of  the  curves  O(x)  varies  significantly  with  the  current  level.  In- 
deed  at  high  currents,  saturation  dominates  the  actuator  magnetic  behaviour  at  any 
armature  position.  This  gives  a  relative  'linear  shape'  to  the  curves  ? k(x).  At  very 
low  currents,  the  curves  are,  however,  a  function  of  the  nonlinear  variation  of  airgap 
permeances  with  rotor  position  (inversely  proportional).  At  middle  current  level,  both 
effects  (current  and  armature  position)  play  an  important  role  and  modify  simultane- 
ously  the  curve  characteristics.  The  result  of  the  normalisation,  shown  in  fig.  3.3,  then 
follows:  the  curves  ONj  are  strongly  dependent  on  both  armature  position  and  current 
level.  The  normalisation  does  not  lead  to  major  simplifications. 
Similarly  to  the  normalised  current  model  (see  section  3.1.1)  ,  an  analytical  equation 
of  this  model'ON(Xi)  I)  is  deduced  by  combining  Ampere's  law  (3.2)  and  (3.4): 
P.  tot  (xi)  -  Pgtot  (x.  )  +  (Pgtýt  (xi)  E  Hi  li  -  Pgtot  (x.  )  F,  ff.  1,,  )  INI 
(3.5) 
gtot(Xa 
ON(Xii  I) 
P 
gtot(xu) 
+  (p 
tot(x,  )  1,,  )  INI  p 
ot(Xa)  gtotXa 
E  Ha  la 
At  the  opposite  of  eq.  (3.1),  eq.  (3.5)  includes  nonlinear  contribution  of  armature 
position  and  current  (saturation)  such  that  the  resulting  expression  does  not  easily 
allow  any  simplification. 
Normalised  current  Model 
In  figure  3.2  the  shape  of  the  curves  I(x)  is  relatively  independent  of  the  flux  linkage 
level.  Indeed)  at  constant  flux  linkage,  each  curve  in  fig  3.2  operates  on  a  very  small 
portion  of  the  nonlinear  1311  characteristic  of  the  actuator  material.  Thus  the  saturation 
uniformly  affects  each  point  of  a  same  curve  I(x)  and  'disappears'  in  major  part  with 
the  normalisation  technique.  Therefore  it  follows  that  the  normalised  functions  INi  are 
gathered  in  a  very  dense  set  as  shown  fig  3.4  in  solid  lines,  which  can  be  approximated 
by  a  single  interpolation  curve,  a  function  only  of  the  armature  position. 
The  nonlinear  content  has  been  minimised  in  this  model  allowing  a  simpler  analyt- 
ical  expression  of  the  gauge  curve.  In  general  the  gauge  curve  associated  with  other 
types  of  electromagnetic  device  is  not  as  simple  as  the  one  developed  here  for  the 
flat-faced  armature  actuators;  but  it  is  still  the  most  efficient  model  as  the  nonlinear CHAPTER  3.  MAGNETIC  GAUGE  CURVE 
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Figure  3.1:  Flux  linkage  versus  position  at  I=  cst. 
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content  of  the  gauge  curve  will  be  reduced  to  the  contribution  specific  to  the  interme- 
diate  positions  (e.  g.  local  saturation).  The  bulk  saturation,  common  to  every  position 
at  a  constant  flux  linkage  is  already  included  in  the  magnetisation  characteristics  cor- 
responding  to  the  minimum  and  maximum  inductance  positions  and  is  removed  from 
the  gauge  curve  content  through  the  normalisation  method  (see  eq.  (3.1)). 
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Figure  3.2:  Magnetisation  current  versus  position  at  T=  cst. 
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Figure  3.3:  Normalised  flux  linkage  versus  normalised  position,  I=  cst. CHAPTER  3.  MAGNETIC  GAUGE  CURVE 
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Figure  3.4:  Normalised  magnetisation  current  versus  normalised  position,  T=  cst. 
3.2  Solenoid  Actuators 
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The  general  equation  for  the  gauge  curve  given  by  eq.  (3.3)  may  be  significantly  sim- 
plified  depending  on  the  type  of  actuator  being  considered.  The  section  is  dedicated 
to  the  flat-faced  armature  solenoid  actuators  and  establishes  the  analytical  expression 
associated  with  such  devices  (rectangular  and  axisymmetric).  The  computation  of  the 
magnetisation  data  is  then  demonstrated,  based  only  on  the  knowledge  of  the  gauge 
curve  and  two  magnetisation  characteristics  (at  x.  and  x.  ) 
. 
Finally  a  third  section 
explores  the  possibility  and  advantages  of  computing  the  magnetostatic  force  bascd  on 
the  same  three  curves. 
3.2.1  Analytical  Expression 
The  flux  paths  within  the  iron  as  shown  in  fig.  2.2  or  fig.  2.4  are  not  really  affected 
by  the  armature  movement.  The  flat-faced  configuration  of  the  armature  is  the  main 
reason  for  this  phenomenon  so  that,  at  constant  flux  linkage,  the  rnmf  drop  within  the CHAPTER  3.  MAGNETIC  GAUGE  CURVE  72 
iron  is  quasi-equal  for  any  armature  position  1.  Therefore  it  follows  from  (3.2)  that  : 
Z  Hij(0)  lij  =ZH.  j(0)  1￿j  =ZH.  i(0)  i.  i,  (3-6) 
iji 
at  constant  flux  linkage. 
If  this  last  result  is  combined  with  eq.  (3.3),  then  the  gauge  curve  expression  is 
transformed  into: 
11 
IN(Xi)  -z 
pgt"t(xi)  pgt-t  (,  v.  (3.7) 
p9t.  t(z.  )  p9tot  (Z.  ) 
where  Pgt,,  t  is  the  total  airgap  permeance  (including  working  gaps,  fringing,  leakage). 
Equation  (3.7)  is  thus  the  analytical  expression  of  the  function  obtained  in  fig.  3.4 
which  is  the  gauge  curve  associated  with  this  particular  type  of  actuator.  It  shows  that 
the  nonlinear  information  included  in  the  magnetisation  characteristics  1(0,  x.  )  and 
1(0,  x,,  )  is  sufficient  to  re-construct  the  magnetisation  curves  I(?  P,  xi)  at  any  interme- 
diate  position. 
Based  on  the  material  developed  in  the  previous  chapter,  the  total  airgap,  perme- 
ances  in  (  3.7)  may  be  written  as  a  function  of  the  different  permeance  expressions. 
Ideal  Case  First  by  considering  the'ideal'case  where  there  is  no  fringing  or  cross  slot  leakage, 
it  follows  that: 
Pgtot(X)  =  PgId(X)  = 
Pg  1  Pg  2-  POS1S2 
-  (3.8)  pg1  +  Pg2  (Sl  +  S2)  X' 
where  the  subscripts  1  and  2  correspond  to  the  central  and  outer  limbs  respec- 
tively.  Si  is  the  total  cross-section  area  of  the  main  airgap  i  whose  total  permeance 
is  given  by  Pgj. 
It  follows  from  (3.7)  and  (3.8)  that  the  gauge  curve  of  an  'ideal'  linear  flat-faccd 
device  is  given  by: 
IN(X)  =X 
Xa 
=  XN7  (3.9) 
Xu  Xa 
'At  high  current  levels,  the  variation  of  cross  slot  leakage  and  outer  fringing  flux  with  armature 
position  will  however  generate  some  local  differences  of  saturation  level  which  may  slightly  modify  the 
average  operating  point  on  the  BII  characteristic  as  a  function  of  armature  position. CHAPTER  3.  MAGNETIC  GAUGE  CURVE  73 
where  XN  is  the  normalised  armature  position.  The  'ideal'  gauge  curve  corre- 
sponds  to  a  straight  line  with  a  slope  of  45  degrees  in  the  plane  IN  versus  XN. 
Real  Case  The  total  airgap  permeance  for  an  axisymmetric  actuator  is  given  by  : 
Pgtot  -ý 
(Pql  +  Pfil)  (pg2  +  Pfi2  +  Pfe) 
+  PL  (3.10) 
(Pgl  +  Pfil  +  pg2  +  Pfi2  +  Pfe) 
where  PL  is  equal  to  the  total  cross  slot  leakage  permeance,  Pfj  and  Pf.  are  the 
inner  and  outer  fringing  components. 
Figure  3.4  also  shows  the  result  of  the  gauge  curve  computed  with  eq.  (  3.7) 
and  (  3.10)  in  which  the  different  airgap  permeances  are  evaluated  with  their 
analytical  expressions  developed  in  the  previous  chapter. 
At  the  maximum  inductance  position  the  fringing  and  slot  leakage  contribution 
may  be  neglected  such  that  the  total  airgap  permeance  at  this  position  is  reduced  to 
p  ßo  Sl  S2 
(Sl  +  S2)  x. 
If  the  fringing  permeances  are  also  negligible  compared  to  the  working  airgap  perme- 
ances,  it  follows  that  at  any  armature  position: 
II 
IN(X)  = 
(Pgld+PL)s  (Pga) 
11  (3.12) 
,  Tsu 
(Pgld+PL  zu  (Pga) 
or  by  combining  eq.  (3.12)  with  (3.11)  and  (3.8),  it  results  that: 
X, 
IN  (X) 
Xal 
where  the  leakage  factor  flkg(X) 
---*:  PL(X)lPgId(X)- 
Equation  (3-12)  shows  clearly  that  the  gauge  curve  bending  is  thus  a  direct  measure 
of  the  amount  of  leakage  (and  also  in  general  fringing)  existing  in  this  particular  typc 
of  linear  actuator. 
The  results  obtained  in  this  section  are  valid  to  some  extent  for  both  axisymmetric 
and  rectangular  flat-faced  linear  actuators.  As  mentioned  earlier,  the  accuracy  of  the 
gauge  curve  based  on  equation  (3.7)  will  deteriorate  when  current  increases.  As  the CHAPTER  3.  MAGNETIC  GAUGE  CURVE  74 
F,  core  device  is  more  sensitive  to  fringing  and  cross  slot  leakage,  it  is  clear  that  the 
range  of  relatively  good  accuracy  for  computing  the  magnetisation  data  from  the  gauge 
curve  is  less  for  this  type  of  actuator  than  for  the  axisymmetric  one.  Also  the  accuracy 
given  by  the  gauge  curve  method,  based  on  analytical  permeance  equations,  is  limited 
by  the  accuracy  of  the  corresponding  magnetic  equivalent  circuit.  Higher  precision 
could  however  be  reached  by  computing  both  gauge  curve  and  magnetisation  curves 
0  (1,  x,,  )  and  0  (1,  x,,,  )  using  a  finite-element  analysis.  Figures  4.17  and  4.24  show  two 
examples  of  magnetisation  curves  computed  for  2  different  E-core  designs  for  which  the 
dimensions  are  surnmarised  in  tables  4.3  and  4.4  respectively. 
3.2.2  Magnetisation  Curve  Computation 
The  algorithm  for  computing  the  magnetisation  data  is  relatively  straightforward. 
1.  First  of  all  the  magnetisation  characteristics  (0(1,  x.  )  and  OV,  Xb))  corresponding 
to  the  minimum  and  maximum  inductance  positions  are  computed.  This  is  done 
either  with  the  MEC  or  with  a  finite  element  analysis.  If  the  number  of  points  is 
rather  large,  a  linear  interpolation  is  convenient  between  two  successive  points. 
An  analytical  interpolation  is  also  possible  [22].  The  curves  require  to  be  stored 
or  interpolated  in  such  a  way  that  the  current  is  the  output  parameter  (i.  e.  0(l) 
is  transformed  into  1(0)). 
2.  The  gauge  curve  IN(x)  is  also  evaluated  by  replacing  Pgt,,  t(x)  with  eq.  (3.10) 
into  eq.  (  3.7).  This  computation  requires  either  the  linear  MEC  elements  or  a 
linear  finite  element  analysis.  Again  if  the  number  of  points  is  large,  a  linear 
interpolation  between  successive  points  is  sufficient.  A  second-order  polynomial 
interpolation  may  also  be  applied. 
3.  The  repetitive  algorithm  then  starts: 
At  the  current  armature  position  xj  and  for  a  series  of  flux  linkage  levels 
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(a)  The  normalised  current  IN(xj)  is  computed  from  the  gauge  curve  equation 
IN(X) 
(b)  I,,  (Oi)  and  I.  (Oj)  are  retrieved  from  the  computed  magnetisation  curves. 
(c)  From  eq.  (3.1),  it  follows  that 
I(Xj7  Oj)  `  IN(Xi)(lu(oj)  -  Ia(oj))  +Ia  (o 
j  ),  (3.14) 
leading  to  the  evaluation  of  a  complete  intermediate  magnetisation  curve. 
4.  By  repeating  the  previous  algorithm  (step  3.  )  for  several  armature  positions,  the 
complete  magnetisation  surface  (see  fig.  2.17)  is  rapidly  computed. 
Figures  3.5  and  4.23  gives  two  examples  of  magnetisation  curves  computed  for  an 
axisymmetric  device  with  the  gauge  curve  method  and  compared  with  the  MEC  or 
with  measurements. 
3.2.3  Magnetostatic  Force  Computation 
When  the  magnetic  information  is  stored  in  a  magnetisation  curve  format  (0(1,  x)), 
the  magnetostatic  force  or  torque  usually  derives  from  the  evaluation  of  the  coenergy, 
which  is  then  numerically  differentiated  with  position  x  [1,22,28]. 
Based  on  the  interpolation  function  ON(X)s  Miller  [371  developed  an  analytical  ex- 
pression  of  the  torque  for  switched  reluctance  motors,  based  also  on  the  cocncrgy 
formulation.  Regarding  the  development  of  a  preliminary  design  tool  for  solenoid  ac- 
tuators,  the  analytical  computation  of  the  magnetostatic  force  would  be  certainly  a 
great  advantage  that  should  be  investigated  with  the  new  gauge  curve  definition. 
As  it  is  shown  in  table  3.2,  the  coenergy  formulation  (as  used  by  the  previous  au- 
thors),  implicitly  makes  the  assumption  that  I  and  x  are  the  independent  variables  of 
this  problem  and  0  the  dependent  one.  This  approach  is  not  suitable  for  the  gauge 
curve  IN(x),  for  which  the  independent  variables  are  the  flux  linkage  0  and  the  ro- 
tor/armature  position  x.  This  difficulty  is  however  easily  overcome  by  computing  the CHAPTER  3.  MAGNETIC  GAUGE  CURVE 
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Figure  3.5:  Magnetisation  curves  computed  with  the  MEC  and  the  gauge  curve  method. 
Independent  Variables  I,  x  0,  x 
Coenergy  formulation  (W,  )  Energy  formulation  (W.  ) 
I  W,  fo'  0  (1,  x)  dI  IP  Wý  =  fo'  I(o,  x)  do 
Magnetostatic 
force  computed  Ow.  +I  ax  ax  -Ow. 
fe 
ex 
from  stored  energy 
Magnetostatic 
Force  computed  awe 
ex  fe  =8M-0  L- 
ex  ax  from  Coenergy 
Table  3.2:  Formulation  of  magnetostatic  force  computation  [1). 
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Figure  3.6:  Areas  E'I  and  E2  for  magnetostatic  force  computation. 
lliagnetostatic  force  f,  based  on  the  energy  formulatioli: 
x)  (10. 
The  current  I  is  ex  p  ressed  w  It  h  eq.  (3.1  )  into  e(l.  (  :  1.15): 
IN  0')  (lit  (0) 
- 
la  (0))  +  lit  dI/ 
Therefore  it,  follows: 
dIA-0 
Or  written  lit  a  different  way: 
01AX) 
E  I. 
0x 
where  VI  (b.  "  P,  graphically  represented  III  fig.  3.6 
(:.  I  5) 
(:  ý.  I  (;  ) 
(3-17) 
(:  i.  18) 
The  speed  fol.  compilling  the  magnelostat'ic  f  ol-ce  is  greatly  improved  hased  oil  t  Ills 
technique  compamd  to  the  conwill4nmi  nnnmT&al  approach  explaincd  in  ion  2.1. 
II  owever  tIw  accuracY  of  eq.  (3.1  (S)  is  a  fl  III  ctio  II  oft  hcI  ech  II  i(pic  chose  II  for  cva  IIIi  It  iIIP, 
the  differentiation  of  the  nornialised  current  . 
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interpolate  the  gauge  curve  based  only  on  three  points.  A  more  robust  method  involves 
implementing  a  first-order  difference  method  with  a  larger  set  of  computed  points. 
The  computation  of  the  magnetostatic  force  based  on  eq.  (3.18)  is  therefore  straight- 
forward.  At  the  current  position  xj  and  flux  linkage  Oj,  it  follows  that: 
1.  If  the  gauge  curve  is  evaluated  at  position  x1  =  (xj-l  +  xj)12  and  x2  =  (xj 
xj+1)12,  its  approximated  derivate  is  given  by 
WN 
IN(x2)  - 
IN(xl) 
Ax 
with  Ax  =  x2  -  xl. 
(3.19) 
2.  The  stored  energy  for  a  flux  linkage  Oj  at  the  minimum  and  maximum  inductance 
positions  is  obtained  numerically  '  by  considering  a  linear  interpolation  between 
two  successive  points. 
Using  this  approach,  the  computation  of  stored  energy  E2,  as  shown  in  fig.  3.6, 
is  equal  to: 
E2  = 
oj 
Ia(?  P)  dip  al  (0?  -  V)?  1)  +  a2  (3.20) 
fo 
Ts  S- 
with  al  and  a2  =  Ii  -  al  V5j. 
By  replacing  1.  (0)  in  eq.  (3.20)  with  1,,  (0)  and  set  the  result  to  Eu,  it  follows: 
El  =  Eu  -  E2.  (3.21) 
3.  The  force  is  then  obtained  by  computing  (3.18)  with  (3-21),  (3.20)  and  (3.19) 
. 
Fig.  3.7  and  3.8  show  two  examples  of  this  computation  for  an  axisYmmetric 
and  a  rectangular  actuator  respectively.  For  the  axisymmetric  actuator,  the  results 
with  finite-elements  are  computed  from  the  integration  of  the  Maxwell  stress  on  a 
closed  surface  surrounding  the  armature.  In  the  case  of  the  rectangular  device,  the 
magnetostatic  force  derives  from  the  coenergy  formulation  computed  with  3D  finite- 
element  analysis.  The  results  based  on  the  magnetic  equivalent  circuit  (MEC)  involves 
2An  analytical  interpolation  of  each  magnetisation  curve  could  be  also  considered CHAPTER  3.  MAGNETIC  GAUGE  CURVE 
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Figure  3.7:  Magnetostatic  force  for  axisymmetric  actuator. 
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the  evaluation  of  the  coenergy  from  the  magnetisation  curves  interpolated  with  cubic 
splines  functions  [20]. 
For  both  types  of  actuators,  the  gauge  curve  technique  shows  a  good  agreement  with 
the  MEC  method.  The  computational  time  is  however  significantly  reduced  with  this 
new  approach.  The  discrepancy  between  finite-elements  and  the  MEC  are  attributed 
to  the  approximations  made  in  the  MEC  for  simulating  the  3D  end-effects. 
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Figure  3.8:  Magnetostatic  force  for  rectangular  actuator. 
3.3  Double  Salient  Rotary  Machine 
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A  gauge  curve  analysis  for  the  SR  machine  is  also  given  in  annexe  A.  In  this  case, 
the  gauge  curve  is  a  function  of  both  flux  linkage  and  rotor  position.  It  is  shown  that 
the  nonlinear  content  of  the  gauge  curve  (  i.  e.  dependence  on  flux  linkage)  is  due 
to  the  local  saturation  occurring  at  the  pole  tips  during  partial  overlap.  Although  it 
is  not  entirely  developed,  this  approach  could  also  lead  to  a  fast  torque  computation 
compared  to  more  conventional  approaches  (  e.  g.  see  section  2.1),  and  could  have 
some  computational  advantages  for  real  time  application  requiring  large  magnetic  data 
storage  [38]. 
3.4  Conclusions 
A  general  model  of  gauge  curve  has  been  derived  from  Ampere's  law  for  any  type 
of  variable  reluctance  electromagnetic  device.  The  model  applied  to  a  given  machine CHAPTER  3.  MAGNETIC  GAUGE  CURVE  81 
leads  to  an  analytical  expression  whose  complexity  reflects  the  variation  of  magnetic 
behaviour  between  the  intermediate  positions  and  the  maximum  inductance  position. 
This  approach  is  more  efficient  than  the  conventional  methods  as  it  minimises  the 
amount  of  stored  data  and  decreases  the  computational  time  without  compromising 
significantly  the  level  of  accuracy. 
In  the  case  of  the  flat-faced  solenoid  actuators,  the  gauge  curve  technique  works 
particularly  well  due  to  the  'constant  iron  geometry'  seen  by  the  flux  over  the  stroke. 
At  constant  flux  linkage,  the  nonlinear  content  of  the  magnetisation  is  then  relatively 
constant  and  therefore  disappears  completely  from  the  gauge  curve  expression.  This 
approach  includes  another  advantage  which  is  a  rapid  and  relatively  accurate  magne- 
tostatic  force  computation. 
A  similar  development  was  also  undertaken  for  the  switched  reluctance  machine  and 
showed  that,  in  this  case,  the  gauge  curve  depends  significantly  on  both  rotor  position 
and  flux  linkage.  This  is  due  to  local  saturations  occurring  in  the  pole  tips  during  partial 
overlap.  This  phenomenon,  highly  nonlinear,  is  also  strongly  dependent  on  armature 
position  and  is  therefore  kept  within  the  gauge  curve  expression.  Although  this  has  not 
been  completely  demontrated,  it  is  believed  the  gauge  curve  technique  could  also  lead 
to  other  computational  advantages  for  torque  calculation  or  rotor  position  detection. Chapter  4 
Magnetisation  Curve  Validation 
4.1  Validation  With  Finite  Elements 
4.1.1  The  Axisymmetric  Solenoid  Actuator 
A  numerical  model  of  the  axisymmetric  actuator  has  been  implemented  in  PC-OPERA 
and  solved  with  the  magnetostatic  solver  using  the  modified  rA  potential  (39).  The 
mesh  generated  for  this  application  is  shown  in  fig.  4.1  and  consists  of  about  4000 
nodes.  The  BH  curve  required  for  the  nonlinear  computation  is  given  in  fig.  4.2  and 
corresponds  to  a  2.5%  SiFe  steel. 
Design  1 
Fig.  4.3  shows  a  flux  plot  of  the  first  axisymmetric  actuator  considered  for  validation. 
The  important  dimensions,  supported  by  fig.  2.1,  are  surnmarised  in  table  4.1.  In  this 
design,  the  armature  and  yoke  sections  are  relatively  thick  compared  to  the  limb  cross- 
section  areas  such  that  the  saturation  affects  primarily  the  limbs.  The  magnetisation 
characteristics  evaluated  with  both  methods  (MEC  and  finite-elements)  are  given  in 
fig.  4.4  and  correspond  to  an  airgap  length  of  0.5  and  0.04  mm. 
At  low  currents,  the  magnetisation  curves,  characterised  by  a  linear  portion,  are 
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Figure  4.1:  Details  of  the  finite-element  mesh  computed  for  the  magnetostatic  field  analysis 
using  Vector  Field  Software. 
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Figure  4.2:  BH  characteristic  for  the  pot-core  actuators  and  E-core  armatures.  Resistivity 
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Table  4.1:  Axisymmetric  actuator.  Dimensions  for  design  1. 
Figure  4.3:  Static  flux  plot  for  the  axisymmetric  actuator.  Design  1.1  30  A. CHAPTER  4.  MAGNETISATION  CURVE  VALIDATION 
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essentially  a  function  of  the  total  airgap  permeance  Pt,  t,  equal  in  the  MEC  shown  in 
fig.  2.16  to  : 
Pgtot  -ý: 
(Pgl  +  Pf  il) 
(pg2  +  Pf  i2  +  Pf 
e)  +  PL,  +  2/3  PL2  +  PL3-  (4.1)  Pgl  +  Pfil  +  Pg2  +  Pfi2  +  pfe 
At  higher  currents,  the  saturation  affects  the  performance  of  the  actuator.  The  total 
mmf  drop  required  at  any  flux  linkage  level  results  then  from  the  interaction  between 
the  airgap  and  iron  flux  paths  and  is  a  function  of  the  nonlinear  B11  characteristic  of 
the  steel.  At  30  A,  the  flux  density  is  greater  than  2T  in  some  parts  of  the  limbs.  The 
results  obtained  by  finite  elements  and  by  the  MEC  give  a  relatively  good  agreement 
for  both  curve  sections  (i.  e.  linear  and  nonlinear)  and  both  airgap  lengths. 
Design 
In  order  to  test  the  sensitivity  of  the  permeance  and  magnetic  circuit  model  to  leakage 
and  fringing  variation,  the  actuator  chosen  for  design  2  (fig.  4.5)  is  relatively  similar 
to  design  1.  However  the  limb  length  E  has  been  increased  from  23  to  30  mm.  This 
actuator  is  therefore  characterised  by  a  higher  cross  slot  leakage  and  also  a  higher  mmf 
drop  in  the  limb  at  high  currents  for  no  better  magnetic  performance.  In  this  case,  the CHAPTE'R.  4.  MA(,  NETIS.,  I'I'IONCVTRIIl,  'ý',  11,11),,  1'1'10,,  ý:  S6 
Figure  4.5:  Static  flux  plot  for  the  axisymmetric  actuator.  Design  2.1=30  A 
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fillite-clements  as  shown  in  fig.  16. 
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Figure  4.6:  Magnetisation  curves  for  G=0.01mm  and  G=0.05mm.  Finite-element  and 
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Design  4 
This  actuator,  whose  dimensions  are  surnmarised  in  table  5.1  column  D2,  corresponds 
to  a  prototype  designed  by  Lucas  Electric  and  Electronics  systems  which  is  also  con- 
sidered  in  the  next  section  for  static  and  transient  measurements.  The  coil  was  hand- 
wound.  The  overall  design  is  significantly  smaller  than  the  last  three  ones  with  a  more 
realistic  choice  of  the  yoke  and  armature  thickness.  It  follows  that  the  spectrum  of 
saturation  is  also  different  and  stretches  to  the  yoke  and  armature  sections  as  shown  in 
fig.  4.10.  The  corresponding  flux  plot  is  also  given  in  fig.  4.9.  The  comparison  between 
the  MEC  and  the  finite  element  results  is  shown  in  fig.  4.11  for  six  different  airgap 
length  chosen  between  0.5  and  0.05  mm. 
The  overall  accuracy  of  the  analytical  approximation  is  satisfactory  with  a  max- 
imurn  error  of  about  5%  for  the  smaller  gap  at  high  saturation.  If  this  comparison 
should  extend  beyond  4A,  the  error  at  8A  for  example,  gets  down  to  less  than  3%. 
A  higher  accuracy  could  even  be  reached  by  considering  the  other  magnetic  equivalent 
circuit,  shown  in  fig.  2.18,  which  reduces  slightly  the  mmf  drop  in  the  outer  limb  by 
by-passing  some  of  the  limb  flux  into  the  outer  fringing  path.  In  this  simulation,  60% 
of  the  coil  height  was  bypassed.  A  comparison  of  the  performance  of  this  network  with 
the  finite-element  results  is  shown  in  fig.  4.12  up  to  8  Amperes. 
4.1.2  Rectangular  Solenoid  Actuator 
2D  Finite-Element 
The  magnetic  equivalent  circuit  is  first  compared  to  a  2D  finite-element  analysis  (PC- 
OPERA)  by  considering  a  design  with  a  relatively  long  stack  length  (150mm)  compared 
to  the  other  dimensions  of  the  E-core  surnmarised  in  table  4.3'.  In  this  way  the  major 
part  of  the  end-effects  is  obviously  neglected.  However  the  purpose  of  this  comparison 
is  to  illustrate  and  validate  the  magnetic  equivalent  circuit  for  an  E-core  actuator 
characterised  with  a  shorter  armature  (see  fig.  2.22).  This  rectangular  device  actually 
corresponds  to  an  existing  design  for  a  track  fuel  injector  (see  fig.  4.22). 
'The  stack  length  defined  in  the  table  is  the  one  used  for  the  3D  analysis. CHAPTER  4.  MAGNETISATION  CURVE  VALIDATION  90 
Figure  4.9:  Static  flux  plot  for  the  axisymmetric  actuator.  Design  4.1  =  3.5A. 
Figure  4.10:  Static  flux  density  plot  for  the  axisymmetric  actuator.  Design  4.  G=0.05mm 
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Figure  4.11:  Magnetisation  curves  (G  =  0.5,0.41,0.32,0.23,0.14,0.05).  Finite-element 
and  MEC  results.  Design  4. 
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Figure  4.12:  Magnetisation  curves  (G  =  0.5,0.05)  for  design  4,  obtained  with  the  MEC 
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The  following  results  have  been  computed  for  a  gap=0.5mm  which  corresponds  to 
the  maximum  airgap  length  for  this  actuator.  This  stroke  is  therefore  the  most  sensitive 
to  the  width  difference  between  armature  and  core.  First,  the  effect  of  width  variation 
is  captured  in  fig.  4.13  showing  two  magnetisation  characteristics  derived  from  2D 
FEA  for  which  a  stack  length  of  150mm  has  been  chosen.  The  values  for  A  and  B  are 
surnmarised  in  table.  4.3.  The  design  for  B=A  gives  obviously  a  higher  flux  linkage 
for  the  same  magnetisation  current.  The  difference  between  both  widths  is  kept  small 
as  it  is  in  practice.  Indeed,  this  variation  is  only  due  to  a  mechanical  constraint  and  is 
not  really  a  desired  feature.  Figures  4.14  and  4.15  show  a  comparison  between  one 
of  the  2D  FEA  magnetisation  curve  and  its  respective  analytical  computation. 
By  reducing  the  stack  length  by  a  factor  of  ten  (Lstk  =  15mm),  a  large  discrepancy 
is  expected  between  the  2D  FEA  and  the  MEC  as  shown  in  fig.  4.16.  Then  it  appears 
clearly  that  the  analysis  of  a  rectangular  electromagnetic  device  based  on  the  2D  finite 
element  analysis  requires  a  correction  factor  for  end-effects. 
3D  Finite-Element 
The  complete  validation  of  the  analytical  solution  is  based  on  a  3D  finite  element  anal- 
ysis.  The  previous  E-core  design  has  been  implemented  in  MEGA  [40].  This  numerical 
analysis  was  developed  at  Lucas  Electrical  and  Electronics  systems  for  a  different  pur- 
pose  and  was  run  again  for  validation  of  this  thesis.  Two  cross-sections  of  the  3D  mesh 
are  shown  in  fig.  6.4  and  6.5  and  are  commented  in  section  6.3.1. 
In  fig.  4.17  a  comparison  between  the  3D  finite-elements  and  the  analytical  approach 
is  given  for  five  different  airgap  lengths  and  with  limbsect  set  to  8.  The  results  obtained 
with  the  gauge  curve  method  developed  in  the  previous  chapter  are  also  shown.  The 
minimum  and  maximum  gaps  chosen  for  this  last  method  were  0.1  and  0.5  mm. 
The  computation  of  the  flux  linkage  in  the  3D  finite-element  analysis  was  obtained 
by  computing  the  coenergy  over  the  complete  system  for  different  currents  and  gap 
lengths.  Indeed,  the  flux  linkage  is  related  to  the  coenergy  W,,  by: 
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Therefore  by  applying  a  first-order  difference  method,  it  follows: 
ik  +  ik+l) 
= 
Wc(ik+l) 
- 
Wc(ik). 
(4.3) 
2  ik+l 
- 
ik 
As  expected,  the  performance  of  the  analytical  method  are  not  as  good  as  in  the 
axisymmetric  case.  The  results  are  within  10  percent  agreement.  However,  in  the  con- 
text  of  developing  a  preliminary  design  tool,  there  is  still  a  great  potential  in  applying 
the  MEC  approach  instead  of  the  slow  3D  FEA.  The  results  obtained  with  the  gauge 
curve  method  are  in  excellent  agreement  with  the  MEC.  As  the  gauge  was  computed 
from  the  linear  elements  of  the  magnetic  circuit  as  well  as  the  magnetisation  curves 
corresponding  to  the  minimum  and  maximum  gaps  (0.1  and  0.5  mm),  this  is  a  rela- 
tively  expected  conclusion.  Although  this  is  not  demonstrated  here,  the  computation 
of  any  intermediate  magnetisation  curves  based  on  the  same  data  but  computed  with 
3D  FEA  instead  of  the  MEC  would  give  a  better  agreement  with  the  finite-element 
results. 
In  the  previous  results,  the  variable  limbsec  creates  an  artificial  de-saturation  in 
the  limbs  that  slightly  compensates  for  the  circuit  simplicity.  Figure  4.18  shows  the 
MEC  results  obtained  with  and  without  (limbsec  =  1)  this  parameter.  Figure  4.19 
confirms  the  importance  of  simulating  the  end-effects  in  the  rectangular  actuator  and 
also  shows  that  the  MEC  leads  to  more  accurate  results  than  a  2D  FEA. CHAPTER  4.  MAGNETISATION  CURVE  VALIDATION 
Variables  3D  FEA 
A  30.96 
B  28.48 
C  5.225 
D  5.355 
T  8.225 
F  7 
E  23.02 
Lstk,  Astk  20.25 
abcoil  3.02 
uncoil  1 
Nt  131 
R1  1.15  Q 
Lamination 
material  Unisil  35  M7 
Armature 
material  2.5  %  SiFe 
Table  4.3:  E-core  prototype.  Dimensions  for  design  1. 
0.4 
0.3 
0.2 
0.1 
0.0 
I.  ý  io  ý  N....  40 
5 
... 
0 
--0  --  FEA2D,  A>B 
FEA  2D,  A=B 
-0. 
68  10  12  14  16 
Cuffent  (A) 
94 
Figure  4.13:  2D  finite-element  analysis  for  A=B  and  A>B  at  G=0.5mm.  See 
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Figure  4.14:  Magnetisation  curve  at  G=0.5mm,  with  Lstk  =  150mm  and  A=B.  2D 
FEA  and  MEC  results.  E-core  design  (see  table  4.3). 
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Figure  4.15:  Magnetisation  curve  at  G=0.5mm,  Lstk  =  150mm  and  A>B.  2D  FEA  and 
MEC  results.  E-core  design  (see  table  4.3). CHAPTER  4.  MAGNETISATION  CURVE  VALIDATION 
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Figure  4.16:  Magnetisation  curve  at  G=0.5mm  at  Lstk  =  15mm  with  A>B.  E-core 
design  (see  table  4.3). 
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Figure  4.17:  Magnetisation  curves.  Comparison  between  MEC,  gauge  curve  and  3D  FEA. CHAPTER  4.  MAGNETISATION  CURVE  VALIDATION  97 
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Figure  4.18:  Magnetisation  curves.  Effect  of  variable  Limbsect  on  MEC  results.  3D  FEA 
and  MEC  results. 
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Figure  4.19:  Magnetisation  curves.  Comparison  between  MEC,  2D  and  3D  FEA. CHAPTER  4.  MAGNETISATION  CURVE  VALIDATION  98 
4.2  Validation  With  Measurements 
Flux  linkage  Measurement 
A  simple  test-rig  was  conceived  in  Glasgow  in  order  to  measure  the  magnetisation 
characteristics  of  an  E-core  and  a  pot-core  prototype  and  to  compare  the  results  with 
the  analytical  predictions.  The  static  and  transient  force  measurements  have  been  ob- 
tained  from  another  test  rig  built  by  Lucas  Diesel  for  their  own  purpose.  The  principles 
of  this  second  rig  are  surnmarised  in  chapter  7. 
The  evaluation  of  the  magnetisation  curves  involves  the  measurement  of  the  flux 
linked  by  the  coil,  at  constant  gaps  and  for  several  current  values. 
A  conventional  technique  for  such  a  task  involves  integrating  the  induced  voltage  from 
the  energizing  coil  such  that: 
0=  V(t)  -  Rl  I(t)  dt,  (4.4) 
where  R1  is  the  winding  resistance,  0  the  flux  linkage,  V(t)  the  instantaneous  voltage 
on  the  winding  and  I(t)  the  instantaneous  winding  current. 
This  method  has  been  successfully  applied  for  the  magnetisation  curve  measurement  of 
the  switched  reluctance  machine.  The  technique  is  relatively  fast  and  consists  mainly 
of  applying  a  pulse  of  voltage  on  a  phase  such  that  the  phase  current  increases  from 
zero  to  at  a  rate  determined  by  the  time  constant  of  the  motor  winding.  The 
instantaneous  voltage  V(t)  and  current  waveforms  I(t)  are  recorded  for  computing 
eq.  (4.4).  This  operation  assumes  that  the  resistance  of  the  winding  is  also  known. 
However  by  adding  to  the  previous  test  a  freewheel  operation,  it  is  possible  to  compute 
on  line  the  winding  resistance  as  well  [41]. 
It  is  not  obvious  that  this  technique  is  directly  applicable  to  solenoid  actuators. 
Indeed  the  method  presented  in  [41]  for  measuring  the  magnetisation  characteristics  is 
based  on  a  ramp  type  variation  of  the  coil  current  increasing  from  zero  to  a  Such 
a  test  would  generate  a  considerable  amount  of  eddy  current  in  a  solid  or  partly  solid 
iron  core.  The  resulting  computation  of  flux  linkage  from  eq.  (4.4)  would  then  give  an 
overestimated  value  of  current  due  to  the  surplus  of  mmf  required  by  the  eddy  currents. CHAPTER  4.  MAGNETISATION  CURVE  VALIDATION  99 
It  follows  that  only  one  point  of  a  magnetisation  curve  can  be  measured  at  a  time  and 
is  obtained  by  measuring  the  steady  state  current  and  flux  linkage  corresponding  to  a 
step  voltage.  This  operation  is  repeated  at  several  step  voltage  magnitudes  in  order  to 
evaluate  the  complete  magnetisation  curve. 
Also  in  order  to  avoid  any  problem  such  as  a  winding  resistance  change  due  to  tem- 
perature  rise,  the  flux  linkage  is  measured  from  a  search  coil  wound  with  the  winding. 
Test-Rig  Equipment 
Figure  4.20  schernatises  the  test-rig  set  up  in  Glasgow.  The  instruments  include 
1.  an  oscilloscope  Le  Croy  9414  for  current  and  voltage  measurement, 
2.  a  current  amplifier  TEK  AM503  and  a  current  probe, 
3.  a  variable  frequency  squarewave  generator, 
4.  a  DC  power  supply, 
5.  a  IF02  integrating  fluxmeter, 
a  power  phase  leg  (see  fig.  4.21). 
The  IF02  integrating  fluxmeter  measures  the  magnetic  flux  by  electronically  inte- 
grating  the  output  from  the  search  coil.  An  inherent  problem  with  the  integrating 
circuit  is  the  drift.  It  is  therefore  important  to  reset  the  output  of  the  integrator  to 
zero  before  each  measurement  and  to  take  the  measurement  as  soon  as  possible  after 
steady-state  has  been  reached. 
In  order  to  keep  a  constant  gap,  the  actuator  was  clamped  between  two  solid  plastic 
plates  joined  together  with  two  non  permeable  screws.  The  core  and  armature  were 
separated  with  the  plastic  shim  of  known  thickness.  The  core  and  armature  surface 
have  been  finely  grounded  in  order  to  improve  their  flatness  and  reduce  the  amount 
of  residual  gap.  Another  difficulty  with  this  rig  was  to  provide  a  perfect  alignment 
between  the  armature  and  the  core,  which  was  adjusted  by  hand. CHAPTER  4.  MAGNETISATION  CURVE  VALIDATION  100 
A  20.4 
B  21.6 
C  3.45 
D  3.9 
T  3.3 
F  4.7 
E  18.8 
Lstk  14.1 
Astk  14.46 
Nt  140 
abcoil  2.9 
uncoil  1.8 
Fstk  0.95 
RI  1.4  Q 
Lamination 
material  Unisil  35  M7 
Armature 
material  2.5  %  SiFe 
Table  4.4:  E-core  prototype.  Dimensions  for  design  2. 
The  dimensions  of  the  potcore  prototype  are  given  in  table  5.1.  The  number  of 
turns  of  the  search  coils  was  100.  The  results  of  these  measurements  of  flux  linkage 
versus  current  for  several  gaps  are  given  in  fig.  4.23. 
Similarly  an  E-core  prototype  from  Lucas  was  tested  on  the  rig.  Its  dimensions  are 
surnmarised  in  table  4.4.  The  coil  was  again  hand-wound  with  140  turns.  The  search 
coil  was  made  with  120  turns.  The  results  of  these  measurements  are  compared  with  the 
MEC  in  fig.  4.24.  The  minimum  specified  value  for  the  stack  factor  (0.95)  was  chosen 
when  running  the  MEC.  The  variable  limbsec  was  set  to  1.  For  comparison,  figure  1.4 
shows  the  two  rectangular  actuators  used  for  validation  either  by  finite-elcmcnts  or 
measurements  as  well  as  the  pot-core  solenoid  actuator. CHAPTER4.  MAGNETISA'I'IONCIII?  ý,  '],  "ý,.,  II,  II).  ýl'i'lo,  \'  Ml 
Figure  4.20:  Test-rig  set  up  for  magnetisation  characteristics  measurements. 
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Figure  4.23:  Magnetisation  characteristics  for  a  Pot-core  actuator.  MEC,  gauge  Curve  and 
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Figure  4.24:  Magnetisation  characteristics  for  an  E-core  actuator.  MEC,  gauge  curve  and 
measurement  results. 
4.3  Conclusions 
A  validation  of  the  analytical  method  for  computing  the  magnetisation  characteristics, 
for  both  pot-  and  E-core  actuators,  has  been  carried  out  with  finite-elements  and 
measurements. 
In  the  case  of  the  pot-core  actuator,  the  results  obtained  with  the  magnetic  equiv- 
alent  circuit  shown  in  fig.  2.16  give  a  good  agreement  with  finite-elements  and  mea- 
surements.  The  discrepancy  reached  in  this  validation  is  less  than  10%  (design  4)  and 
affects  only  the  'saturated'  portion  of  the  magnetisation  curves.  Therefore  a  satisfac- 
tory  agreement  in  the  magnetostatic  force  validation  is  also  expected  with  this  network 
configuration. 
The  performances  of  the  magnetic  equivalent  circuit,  as  shown  in  fig.  2.24  for  the 
rectangular  actuator,  are  only  satisfactory  compared  to  3D  finite-element  analysis  or 
to  measurements.  The  discrepancies  are  due,  in  the  linear  section  of  the  curves,  to  the 
difficulty  in  modelling  the  3D  end-effects  based  on  simplified  2D  shapes  of  flux  paths. 
Above  the  knee  point  in  the  magnetisation  characteristics,  their  origin  may  be  due  to 
a  high  interaction  between  the  fringing,  slot  leakage  flux  and  the  flux  within  the  iron, CHAPTER  4.  MAGNETISATION  CURVE  VALIDATION  104 
changing  the  overall  requirement  in  Ampere-turns;  or  it  could  also  be  linked  to  the 
modelling  of  the  nonlinear  anisotropic  steel  in  the  iron.  The  3D  finite  element  analysis 
was  based  on  a  fitted  polynomial  expression  while  the  simulation  uses  directly  the  BII 
data  interpolated  linearly.  In  general,  the  analytical  results  are  however  better  than 
the  ones  retrieved  from  a  2D  finite-element  analysis,  confirming  the  3D  'nature'  of  this 
problem. 
The  gauge  curve  method  has  also  been  applied  to  different  pot-core  and  E-core 
designs  and  has  shown  a  very  good  agreement  with  the  MEC  approach. 
Although  the  geometry  of  the  devices  studied  in  the  thesis  are  relatively  simple, 
these  previous  results  show  the  difficulty  in  simulating  highly  nonlinear  devices  using 
a  magnetic  equivalent  circuit.  The  finite-element  is  certainly  a  great  help  in  building 
the  analytical  model  for  axisymmetric  devices  such  as  the  pot-core  actuator.  However, 
this  approach  is  nearly  impossible  for  the  E-core  actuator  due  to  its  3D  flux  paths.  In 
this  case,  the  model  of  the  end-effects  is  unfortunately  a  very  crude  approximation  of 
the  real  paths.  The  magnetic  equivalent  circuit  does  not  allow  easily  the  modification 
of  the  actuator  geometry.  If  the  changes  'disturb'  the  original  flux  paths  in  the  airgap, 
a  new  evaluation  of  the  airgap  permeance  expression  is  most  probably  required. Part  11 
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Axisymmetric  Solenoid  Actuators 
5.1  Introduction 
In  the  previous  chapters  a  general  method  has  been  established  for  computing  the  mag- 
netostatic  performance  of  solenoid  actuators.  This  has  involved  designing  a  magnetic 
equivalent  circuit  for  each  type  of  actuator,  from  which  a  set  of  magnetisation  char- 
acteristics  is  rapidly  evaluated.  Although  this  magnetic  data  is  the  only  information 
required  for  evaluating  the  general  dynamic  performance  of  a  conventional  switched 
reluctance  machine  [211,  this  approach  would  induce  large  discrepancies  in  the  case  of 
the  axisymmetric  solenoid  actuators.  Indeed  the  solid-iron  structure  of  such  devices 
involves  a  significant  generation  of  eddy  currents  during  their  operating  time.  Their 
dynamic  performances  are  easily  delayed  by  several  tenths  of  a  ms.  However  some 
applications  such  as  diesel  injection  may require  an  actuator  time  response  in  less  than 
a  ms  [3].  The  magnetic  delay  can,  to  some  extent,  be  minimised  by  applying  appropri- 
ate  control  schemes  [10].  The  actuator  requires  indeed  a  certain  amount  of  energy  to 
diffuse  the  eddy  currents  and  the  flux  through  the  entire  iron  cross  section.  Therefore 
any  control  approach  capable  of  providing  quickly  a  boost  of  energy  during  a  few  tenths 
of  a  ms  will  lead  to  a  faster  actuator  response.  Although  the  eddy  current  generation 
can  not  be  avoided,  a  careful  magnetic  design  (e.  g.  steel  choice,  geometry,  dimensions) 
may  also  help  in  reducing  the  overall  time  response. 
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The  account  of  eddy  currents,  when  studying  the  dynamic  performance  of  solid 
or  partly  solid  iron  machines,  is  then  definitely  a  requirement.  However  the  analysis 
of  eddy  currents  based  on  the  finite-element  method  still  remains  a  challenge  [42,13, 
43,44].  Real  engineering  problems,  involving  any  specific  control  approach,  requires  a 
time-stepping  technique,  which  slows  down  significantly  the  overall  numerical  analysis. 
However  the  optimisation  of  the  control  strategy  for  a  particular  prototype  in  a  new 
application  does  not  require  such  a  sophisticated  analysis,  nor  does  the  choice  of  the 
number  of  turns  or  the  general  dimensions  of  the  actuator.  Although  the  finite-element 
method  is  important  at  a  certain  stage  in  the  design  process  , 
it  is  not  however  com- 
pulsory  until  the  latest  one  when  the  effect  of  small  design  features,  such  as  holes  in 
the  armature,  has  to  be  quantified  on  the  dynamic  performance.  Therefore  the  general 
objective  of  this  chapter  is  to  develop  an  analytical  method  for  a  rapid  computer-aided 
design  tool,  which  will  include  the  nonlinear  effects  of  eddy  currents  on  the  dynamic 
performance  of  axisymmetric  actuators  without  any  constraint  on  the  control  strategy. 
5.2  Eddy  Current  Analysis 
5.2.1  Literature  Survey 
The  literature  review  includes  a  series  of  papers  in  which  the  eddy  current  analysis  is 
not  strictly  numerical  and  therefore  may  be  relevant  in  this  context.  The  laminated 
problem  is  not  well  covered  in  this  review  as  the  author  considers  it  as  being  less  general 
than  the  solid  iron  case. 
In  1948,  Pohl  [45]  proposed  a  method  for  computing  the  transient  flux  in  a  solid 
iron  core  in  which  the  actual  core  was  replaced  by  a  laminated  one  with  a  short- 
circuited  secondary  winding  and  100%  coupling.  In  his  development,  the  conductancc 
and  inductance  of  this  damping  ring  were  evaluated  from  first  principles  by  assuming  a 
linear  rise  with  time  of  the  magnetising  field  within  the  solid  iron  circuit  of  various  cross- 
sections.  In  the  case  of  a  partly  solid  iron  machine  or  in  the  presence  of  airgaps  within 
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by  a  resultant  one,  much  reduced  by  the  reluctance  of  the  remaining  path.  Although 
he  did  not  reach  a  satisfactory  agreement  when  compared  with  measurements,  Pohl's 
paper  had  an  important  impact  on  other  authors'  works  as  he  introduced  the  analogy 
between  the  eddy  currents  and  a  secondary  damping  winding,  suitable  for  any  DC  or 
AC  systems. 
In  I  Transient  Performance  of  Electric  Power  systems'written  in  1950,  Riidenberg  [46] 
proposed  two  different  approaches  regarding  the  analysis  of  the  eddy  current  in  an  iron 
core.  The  first  one  was  similar  to  Pohl's  technique  as  the  effects  of  eddy  currents  were 
compared  to  a  secondary  damping  winding.  However  Riidenberg's  objective  was  to 
study  their  effects  on  a  saturated  magnetic  circuit.  In  his  analysis,  the  leakage  flux 
between  the  primary  and  secondary  winding  was  neglected  as  well  as  any  presence  of 
airgaps  within  the  magnetic  path.  The  resistance  of  the  damping  winding  was  not 
explicitly  computed;  instead  it  was  replaced  by  defining  a  fictitious  time  constant.  His 
development  concluded  that,  under  the  joint  effect  of  the  current  and  the  induced  cur- 
rents,  the  magnetic  flux  performs  as  if  the  the  total  current  was  carried  by  the  primary 
winding  and  was  characterised  by  a  time  constant  equal  to  the  sum  of  both  circuit  time 
constants.  Although  Riidenberg  also  gave  an  experimental  method  for  evaluating  the 
fictious  time  constants  for  both  winding,  his  method  is  of  limited  interest  as  the  time 
constants  in  a  nonlinear  problem  are  no  longer  a  function  of  the  circuit  components 
but  a  function  of  the  steady  state  flux  and  induced  voltage. 
More  importantly  Rildenberg  studied  the  eddy  current  formation  within  a  U-shaped 
electromagnet  with  rectangular  solid  steel  limbs  of  length  A.  A  second  part  of  the 
magnetic  circuit  consisted  of  airgaps  of  length  So  and  a  third  part,  the  yokes,  contained 
laminated-steel  sheets  in  which  eddy  currents  were  neglected.  Rildenberg  started  his 
analysis  by  the  following  statements  which  have  had  a  large  influence  on  the  direction 
of  this  thesis: 
'If  a  D-C  magnet  is  switched  on  or  off,  the  solid-steel  core  of  which  has  a  substantial 
cross-sectional  area;  every  change  of  the  flux  induces  secondary  currents  in  the  iron 
circulating  in  eddies  around  the  magnetic  flux.  Such  eddy  currents  effect  transient  phe- 
nomena  very  much  as  currents  in  secondary  winding  do.  Ilowever,  since  they  do  not 
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various  directions  with  various  density 
,  it  is  not  possible  to  correlate  from  the  outset 
a  definite  resistance  or  a  definite  self  inductance  to  the  eddy  currents.  Rather  we  must 
determine  the  electromagnetic  linkage  of  every  elementary  path  of  current  and  must 
develop  a  differential  law  of  the  phenomena  in  order  to  derive  the  performance  of  the 
eddy  currents  in  space  and  time.  ' 
By  applying  the  first  principles  (Faraday's  and  Ampere's  laws)  on  an  elementary 
closed  3D  flux  tube  and  combining  the  resulting  equations,  the  author  derived  a  second- 
order  partial  differential  equation.  A  finite  solution  was  obtained  by  assuming  an 
instantaneous  switch-off  in  the  winding  leading  to  the  instantaneous  decay  of  the  flux 
density  (B  =  0)  within  the  surface  layer  of  the  limbs.  The  complete  flux  density 
distribution  in  a  rectangular  core  during  natural  decay  is  then  given  by  : 
B(x,  y,  t)  =B.....  cos(n7r 
x) 
cos 
(m7r  9) 
C-Pn,  m  t,  (5.1) 
a 
where  n,  m  are  odd  integers  defining  each  an  infinite  series  of  modes;  the  variables 
a  (x  -  direction),  b  (y  -  direction)  are  the  side  lengths  of  the  limb  cross-section.  B 
gives  the  amplitude  of  the  (n,  m)  mode  as  equal  to: 
4  Bo 
7r  nm 
(5.2) 
where  BO  is  the  constant  flux  density  uniformly  distributed  over  the  entire  cross-section 
before  the  field  interruption.  And  the  damping  factor  p  .....  is  given  by: 
ss  -"  2Y2 
Pn,  m  =  47r  A 
[(n7r 
a)+ 
(mrý)  (5.3) 
where  s  is  the  steel  resistivity  and  S=  So  +  A/p,  -  with  y,.  being  the  relative  permeability 
of  the  iron. 
This  solution  has  only  a  limited  practical  interest  due  to  the  assumption  of  mate- 
rial  linearity  and  to  the  restricted  and  ideal  'driving  conditions'.  However,  with  this 
formulation,  the  decay  of  the  flux  due  to  the  eddy  currents  in  an  iron  core  is  a  function 
of  an  infinite  number  of  modes,  each  characterised  by  a  particular  time  constant.  The 
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numbers  n  and  m  in  eq.  (5.3).  Therefore  the  fundamental  time  constant  is  the  longest 
and  is  given  by  : 
4A  ab  Ti,  i  =  ;  ý;  -s  (alb  +  b/a)  * 
(5.4) 
The  time  decay  is  then  proportional  to  the  cross-sectional  area  of  the  steel  core,  to  the 
steel  conductivity  and  also  to  the  limb  length.  It  is  also  affected  by  the  presence  of 
airgaps  within  the  magnetic  path.  By  reducing  the  results  to  a  1-dimensional  problem 
e.  g.  a  >>  b,  it  results  that  Tjj  oc  V  as  found  by  Polh  [45]  for  the  time  constant  of  the 
fictious  damping  winding. 
Kesavamurthy  proposed  two  different  methods  for  the  analysis  of  eddy  currents  in 
solid  iron  core.  In  [47]  he  studied  the  rise  of  flux  due  to  impact  excitation.  Based 
on  a  'limiting  nonlinear  theory'  the  author  compared  the  rise  of  flux  in  the  core  to 
the  propagation  of  a'  magnetic  field  wave'  from  the  surface  to  the  centre  of  the  cross- 
section.  For  a  rectangular  section,  the  eddy  currents  were  explicitly  assumed  to  follow 
closed  rectangular  paths.  This  original  treatment  fails  however  to  take  into  account 
the  real  electro-magnet  configuration  (e.  g.  airgaps,  armature  movement).  In  [48] 
Kesavamurthy  computed  analytically  the  rise  of  flux  under  the  effects  of  eddy  current  by 
solving  simultaneously  Poisson's  equation  and  the  complete  electrical  circuit  equation 
(including  the  winding  resistance).  A  finite  solution  for  the  current  and  flux  rise  is 
only  available  for  the  limited  case  where  the  width/depth  ratio  of  the  rectangular 
cross-section  is  large.  The  author  extended  his  treatment  to  the  finite  rectangular 
cross-section  by  making  different  assumptions: 
1.  on  the  eddy  current  paths  (rectangular  or  rhombic  configuration)  in  order  to 
reduce  the  2-dimensional  problem  to  a  1-dimensional  case  only. 
2.  on  the  fact  that  the  eddy  current  density  within  one  elementary  closed  path  is 
due  to  the  flux  embraced  by  this  path  or  is  what  it  would  be  for  an  infinitely 
wide  rectangular  block  (1D  problem). 
Then  the  author  extended  his  analysis  to  the  flux  decay  for  which  a  comparison 
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ratio,  the  best  results  were  obtained  by  assuming  rectangular  paths  and  an  eddy  current 
density  function  of  the  flux  embraced  by  the  path  under  consideration.  Based  on  the 
previous  results,  Kesavamurthy  also  defined  an  electric  equivalent  circuit  by  computing 
the  impedance  function  between  the  induce  voltage  and  the  magnetic  field  at  the 
core  surface.  The  resulting  circuit  topology  is  equivalent  to  a  ladder  network  having 
its  inductances  and  resistances  a  function  of  the  roots  of  two  computed  functions. 
Although  the  method  can  be  extended  to  take  partly  into  account  the  presence  of 
airgaps  and  saturation,  the  author  admitted  that  this  would  also  assume  a  transient 
uniform  distribution  of  the  flux  density  across  the  core  section.  In  the  conclusions 
he  added  that  the  extension  of  the  equivalent  circuit  representation  to  take  the  non- 
linearity  into  account,  without  introducing  physical  contradictions,  would  be  interesting 
and  useful. 
This  is  probably  the  way  that  Brailsford  chose  in  1962  to  built  his  analogue  of  a 
steel  lamination  for  studying  the  flux  density  waveform  distortion  within  a  silicon-iron 
lamination  due  to  a  magnetising  field  at  50c/s  [49].  However  no  information  is  given 
on  the  origin  of  the  chosen  magnetic  circuit,  nor  on  the  formulae  for  computing  the 
inductances  and  resistances  shown  in  the  model.  Therefore  the  paper  is  not  very  useful 
in  this  context. 
In  1962  Roberts  [50]  presented  another  analogue  model  for  simulating  the  eddy 
current  and  magnetic  flux  penetration  in  saturated  iron.  His  approach  was  very  dif- 
ferent  from  Kesavamurthy  as  he  deduced  the  general  shape  of  the  equivalent  network 
from  first  principles.  However  Roberts  failed  to  associate  a  physical  interpretation  to 
his  network  and  designed  it  on  a  RC  line  model  by  setting  arbitrarily  the  value  of 
the  resistance  elements  as  a  function  of  permeability.  The  saturation  is  then  modelled 
by  replacing  the  resistance  elements  with  a  more  complex  model  based  on  a  biased 
bridge-rectifier  circuit. 
More  conventional  is  certainly  the  work  carried  out  by  Subba  Rao.  In  1964,  he 
presented  a  method  for  predetermining  the  eddy  current  losses  in  a  rectangular  solid- 
iron  core  due  to  an  alternating  magnetic  field  under  saturation  [51].  More  importantly 
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for  impact  excitation  problems  [521.  The  basis  for  obtaining  the  circuit  is  the  eddy 
current  expression  under  an  alternating  magnetisation  for  a  solid-iron  core  of  large 
width/depth  ratio,  obtained  from  Maxwell  equations.  The  equivalent  circuit  consisted 
of  a  secondary  resistance  and  a  leakage  reactance,  which  depend  on  the  shape  of  the 
section  and  the  electrical  and  magnetic  characteristics  of  the  material.  The  circuit 
was  obtained  at  constant  permeability  and  then  extended  for  use  under  nonlinear 
conditions.  Although  the  correlation  obtained  by  Subba  Rao  was  satisfactory,  it  is  not 
correct  to  solve  a  nonlinear  problem  on  the  basis  of  an  analytical  solution  obtained 
from  a  linear  problem  as  it  introduces  some  physical  contradictions  [48].  The  effect  of 
airgaps  within  the  magnetic  path  was  also  neglected. 
Another  important  paper  is  the  one  presented  in  1965  by  Silvester  [53].  His  analysis 
was  based  on  the  analytical  solution  obtained  from  Maxwell  equations,  describing  the 
natural  flux  decay  in  a  linear  rectangular  bar  [46].  The  magnetic  field  and  the  eddy 
current  density  were  given  by  an  expression  similar  to  eq.  (5.1),  a  function  of  an  infinite 
numbers  of  mode  (m,  n).  All  these  modes  are  assumed  to  coexist  in  the  bar,  superim- 
posed  on  one  another.  Therefore  the  author  described  them  as  being  characteristic  of 
the  rectangular  bars.  Indeed  Silvester  considered  that  the  spatial  distribution  of  the 
field  and  eddy  currents  was  dictated  by  the  shape  of  the  iron  boundary  while  the  nature 
of  the  time  functions  (see  eq.  (5.1))  must  reflect  the  way  the  coil  current  varies.  Each 
mode  was  then  replaced  in  a  magnetic  equivalent  circuit  by  a  different  short-circuit 
secondary  winding,  uncoupled  from  each  other  and  characterised  by  a  leakage  induc- 
tance,  a  resistance  and  a  coupling  coefficient  with  the  energizing  coil.  The  evaluation 
of  these  elements  was  based  on  the  computation  of  the  dissipated  power  and  the  stored 
energy  as  well  as  of  the  total  current  of  each  mode  flowing  in  the  bar  1.  The  tran- 
sient  waveforms  of  flux  and  current  in  the  resulting  magnetic  equivalent  circuit  were 
then  retrieved  from  the  evaluation  of  the  external-coil  terminal  admittance  function. 
In  practice  the  infinite  sequence  of  circuits  had  to  be  truncated,  creating  a  shift  of  all 
the  admittance  poles,  which  also  lead  to  an  error  in  the  slowest  and  dominant  time 
1This  computation  is  difficult  as  the  currents  are  circulating  in  loops  spread  in  different  parts  of 
the  section,  a  function  of  the  value  given  at  m  and  n.  Unfortunately  the  current  computation  per 
mode  is  not  fully  explained  in  the  article. CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  113 
constant.  Two  other  problems  were  the  fact  that  saturation  was  not  being  accounted 
for  and  this  method  did  not  provide  any  answer  when  the  solid  iron  part  was  only  a 
part  of  a  larger  problem. 
More  recently  (1988),  Lequesne  [15]  described  an  original  approach  for  comput- 
ing  the  dynamic  performance  of  a  plunger-type  axisymmetric  actuator.  Lesquesne's 
method  is  a  mixture  of  both  analytical  and  numerical  (FE)  techniques  in  order  to  com- 
bine  the  advantages  of  both  methods  which  are  speed  and  accuracy  respectively.  The 
dynamic  model  includes  the  electrical  equation  of  the  circuit,  the  mechanical  equation 
for  the  armature  movement  and  also  Ampere's  law  applied  on  an  average  flux  path. 
The  total  transient  flux  linkage  and  mmf  drop  are  approximately  computed  by  finite 
elements  by  dividing  the  device  in  layers  equivalent  to  closed  flux  tubes  such  that  the 
problem  is  reduced  to  a  1-dimension  case.  This  method  showed  a  good  agreement 
with  conventional  finite-elements  and  measurements,  but  was  only  tested  on  impact 
excitation. 
In  1993,  Zhu  [17]  proposed  a  simple  electromagnetic  equivalent  circuit  for  computing 
the  iron  losses  in  any  magnetic  core  with  a  special  attention  for  thin  laminations.  The 
model  involved  an  inductor  including  the  hysteresis  loop  and  the  core  nonlinearity,  in 
parallel  with  two  resistances  for  the  eddy  current  and  the  so-called  anomalous  loss. 
The  hysteresis  loop  is  derived  from  Preisach  model.  The  eddy  current  and  anomalous 
resistances  are  deduced  from  classical  and  empirical  formula  already  known  for  the 
instantaneous  eddy  current  and  anomalous  loss  computation.  The  method  has  been 
applied  to  an  annular  laminated  ring  inductor.  The  proposed  method  showed  a  good 
agreement  with  measurements  under  a  very  low  sinewave  and  square  wave  voltage 
excitation  (10OHz  frequency). 
Several  of  the  previous  methods  have  been  reported  in  [54].  The  literature  contains 
many  more  papers  on  the  subject  of  eddy  current  analysis. 
However  most  of  the  earlier  ones  had  a  great  contribution  to  this  thesis,  either  by 
giving  a  better  understanding  of  the  eddy  current  generation,  or  by  developing  ideas 
which  have  inspired  the  following  analysis. CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  114 
5.2.2  Theoretical  Developments 
Introduction 
The  literature  review  has  clearly shown  the  limits  of  an  analytical  approach  for  comput- 
ing  the  effects  of  eddy  currents.  A  direct  solution  of  Maxwell  equations  is  only  available 
in  a  linear  magnetic  domain  and  under  restricted  energizing  conditions.  On  the  other 
hand  several  authors  have  proposed  an  equivalent  electromagnetic  network.  This  idea 
has  a  tremendous  potential  in  DC  problems  as  it  would  remove  the  constraints  on  the 
driving  conditions.  However  none  of  the  earliest  attempts  has  been  completely  success- 
ful.  The  proposed  network  configuration  for  the  same  problem  varies  depending  on  the 
analytical  problem  the  authors  considered  for  retrieving  their  equivalent  network  and 
also  on  their  associated  assumptions  e.  g.  the  network  configuration  . 
None  of  them 
found  a  proper  way  for  taking  saturation  into  account. 
As  it  has  been  shown  in  Part  I  of  the  thesis,  the  development  of  a  proper  electromag- 
netic  equivalent  network  only  goes  through  a  physical  understanding  of  the  phenomena 
that  we  are  trying  to  simulate.  For  this  reason  the  nonlinear  eddy  current  generation 
is  so  complex  that  it  cannot  be  properly  simulated  with  a  network  configuration  ex- 
trapolated  from  an  analogy  with  a  linear  analytical  solution  related  to  a  specific  and 
already  simplified  problem.  The  eddy  current  generation  is  a  nonlinear  diffusion  prob- 
lem  and  the  electromagnetic  equivalent  network  should  reflect  the  particular  nature  of 
this  phenomenon. 
Layer  distribution 
A  physical  understanding  of  the  transient  electromagnetic  effects  is  possible  nowadays 
by  the  development  of  numerical  analysis  such  as  finite-elements.  Figures  5.1  to  5.6 
show  the  diffusion  of  eddy  currents  and  flux  within  a  flat-faced  axisymmetric  actuator 
at  three  different  times  before  steady  state.  Just  after  switching  on,  the  flux  and  eddy 
currents  start  their  diffusion  within  the  iron  from  the  surface  layer  next  to  the  coil  to 
the  centre  part  of  the  core.  The  flux  density  as  well  as  the  eddy  current  density  appear CHAPTER  5.  A  XIS  YXIMETRICS0  L  ENO  11)  A  CTFATO  US  1115 
Figure  5.1:  Transient  flux  distribution  at  I=  OAms  in  an  axisymmetric  actuator.  0.3111111. 
airgap,  901"  step  voltage. 
to  vary  in  time  and  space  . 
Indeed  the  eddy  currelit  defisilY  Ilw  c('jjtj.;  jl  111111)  11.1 
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Figure  5.2:  Transient  eddy  current  distribution  at  t=0.5rns  in  an  axisymmetric  actuator. 
0.3mm  airgap,  90V  step  voltage. 
From  the  previous  observations,  it  seems  then  appropriate  to  divide  the  actuator 
into  a  series  of  closed  flux  tubes  whose  cross-sections  are  shown  in  fig.  5.7.  Each 
closed  tube  has  an  axisymmetric  configuration  in  which  eddy  currents  can  flow  in  a 
perpendicular  direction  to  the  page.  Closed  flux  tube  means,  in  this  context,  a  flux 
tube  that  goes  through  the  different  sections  of  the  solenoid  i.  e.  central  limb,  main 
airgap,  armature,  main  airgap  again,  outer  limb,  and  yoke  such  that  the  cross-section 
area  of  a  tube  in  a  particular  section  is  proportional  to  the  total  cross-section  area  of 
this  actuator  section.  The  comparative  thickness  of  all  closed  tubes  should  reflect  the 
way  the  eddy  currents  and  the  flux  propagate  within  the  iron. 
Obviously  this  simplified  flux  tube  distribution  neglects  the  influence  of  fringing  and 
leakage  on  the  transient  process.  Also,  due  to  this  division  into  closed  flux  tubes,  it  is 
implicitly  assumed  that  the  same  amount  of  time  is  required  to  reach  steady-state  in 
every  section  of  the  actuator,  including  the  airgaps.  This  is  clearly  an  approximation. 
However,  given  this  assumption,  the  analysis  of  flux  and  eddy  current  diffusion  can  be 
limited  to  the  case  of  the  central  limb  section  in  the  first  stage  . CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  117 
Figure  5.3:  Transient  flux  distribution  at  t=  lms  in  an  axisymmetric  actuator.  0.3mm 
airgap,  90V  step  voltage. 
Figure  5.4:  Transient  eddy  current  distribution  at  t=  lms  In  an  axisymmetric  actuator. 
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Figure  5.5:  Transient  flux  distribution  at  t=  3ms  in  an  axisymmetric  actuator.  0.3mm 
airgap,  90V  step  voltage. 
Figure  5.6:  Transient  eddy  current  distribution  at  t=  3nis  in  an  axisymmetric  actuator. 
0.3mm  airgap,  90V  step  voltage. CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  119 
Air 
Figure  5.7:  Schematic  representation  of  the  flux  tubes  and  eddy  current  paths  in  an  ax- 
isymmetric  solenoid  actuator 
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Diffusion  Between  Two  Successive  Layers 
The  following  analysis  is  supported  by  fig.  5.8  showing  a  central  limb  cross-section. 
For  clarity,  only  two  successive  flux  tubes,  defined  between  the  radii  rO, rl  and  rl,  r2 
have  been  drawn  on  this  cross-section.  A  uniform  eddy  current  density  distribution 
is  assumed  in  each  flux  tube.  An  approximation  of  the  diffusion  law  requires  the 
evaluation  of  the  magnetic  linkage  of  each  of  these  eddy  current  loops  per  unit  of  axial 
length.  For  example,  at  a  radius  r,  the  magnetic  linkage  is  given  by  writing  Faraday's 
law  : 
E  (r,  t)  dil(r) 
do(r,  t) 
(5.5) 
i 
dt  ' 
where  E(r,  t)  is  the  electric  field  along  the  loop  of  elementary  length  dl  and  of  radius 
r  (e.  g.  rl);  0(r,  t)  is  the  magnetic  flux  embraced  by  this  loop. 
Similarly  the  voltage  drop  at  a  radius  r+  dr  is  given  by: 
E(r  +  dr,  t)  dyl(r  +  dr) 
dO(r  +  dr,  t) 
(5.6) 
i 
dt 
The  electric  field  E  does  not  depend  on  0-coordinate  due  to  the  axisymmetric 
configuration  and  therefore  it  is  constant  along  the  contour.  Also  its  positive  direction 
is  given  by  the  eddy  current  density  direction  (Jo)  such  that 
E(r,  t)  dl(r)  =  -Eo(r,  t)  27r  r.  (5.7) 
By  replacing  E(r  +  dr,  t)  in  eq.  (5.6)  with  a  first-order  expansion,  it  follows  that 
-  [Eo  (r,  t)  + 
OEo(r,  t) 
dr]  27r  (r  +  dr) 
dO(r  +  dr,  t) 
(5.8) 
0r  dt 
And  subtracting  eq.  (5.5)  from  eq.  (5.8),  it  follows: 
Me  (r,  t)  Mo  (r,  t)  d(O(r  +  dr,  t)  -  O(r,  t))  [Eo  (r,  t)  dr  +  ar  r  dr  +  ar 
dr2]  27r  =  dt 
By  dividing  the  actuator  in  many  flux  tubes  such  that  their  thickness  (dr)  is  kept 
small,  the  second-order  term  in  the  left-hand  side  of  eq.  (5.9)  can  be  neglected.  The 
right-hand  side  of  eq.  (5.9)  corresponds  to  the  time  variation  of  the  flux  AO  embraced 
by  the  elementary  flux  tube  defined  between  r  and  r+  dr. CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  121 
If  B  is  assumed  to  be  uniformly  distributed  within  each  flux  tube,  it  follows  that 
a(r  Eo  (r,  t))  dB-. 
27r 
Or  .  dr  =  27r  r  d. 
dt 
(5.10) 
The  relation  between  the  electric  field  EO  and  the  eddy  current  density  JO  is  given 
by 
Eq  =  pJq, 
where  p  is  the  iron  resistivity. 
(5.11) 
By  integrating  eq.  (5.10)  between  rl  and  r2,  as  shown  in  fig.  5.8  and  taking  eq.  (5.11) 
into  account,  it  follows: 
d012 
27r  p  (r2  JO 
2-  ri  Jo  I=  T-,  (5.12) 
t 
where 
d012 
=  7r  (r22 
-r 
2) 
ýBz 
dt  I  dt 
As  the  eddy  current  density  has  been  assumed  uniform  on  each  flux  tube,  it  results 
that  the  total  eddy  current  flowing  per  unit  of  axial  length  between  rO,  rl  is  given  by: 
Iol  =  Arol  Jai,  (5.14) 
where  Aro,  =  (r,  -  ro).  The  corresponding  iron  resistance  per  unit  of  axial  length  is 
approximated  with: 
R, 
27r  p  rl 
Arol 
Similarly  between  rl,  r2,  it  follows  that  the  total  eddy  current  is  equal  to: 
102  =  Ar12  J02,  (5.16) 
where  Ar12  ý-- 
(r2- 
ri)  while  the  iron  resistance  is  given  per  unit  of  axial  length  by: 
R2  :  -- 
27rpr2 
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By  combining  eq.  (5.14),  (5.15),  (5.16),  (5-17)  with  eq.  (5.12),  a  first-order  approxi- 
mation  of  the  flux  and  eddy  current  diffusion  within  the  iron  between  two  successive 
flux  tubes  is  expressed  by  : 
R2  10 
2 
ý012 
+  R,  Io  1.  (5.18) 
dt 
This  equation  is  easily  translated  into  an  electric  equivalent  circuit  shown  in  solid 
lines  in  fig.  5.9.  The  actuator  cross-section  however  includes  more  than  two  flux  tubes 
and  therefore  this  network  should  be  repeated  for  each  pair  of  successive  flux  tubes  as 
shown  on  the  same  figure  in  dashed  lines. 
By  taking  into  account  the  division  of  the  actuator  into  a  series  of  closed  flux  tubes, 
the  computation  of  the  network  elements  could  be  approximated  as  follows: 
9  The  iron  resistance  of  one  layer  within  the  electric  equivalent  network  is  evaluated 
by  computing  the  eddy  current  paths  associated  with  the  corresponding  closed 
flux  tube.  In  each  network  layer,  the  total  iron  resistance  is  then  equal  to  the 
sum  of  the  iron  resistance  of  each  actuator  section  put  in  parallel.  The  central 
limb  is  characterised  by  the  smallest  iron  resistance.  Therefore  it  is  expected  that 
the  simulated  eddy  current  density  within  the  central  limb  will  be  higher  than  in 
any  other  actuator  section.  This  conclusion  has  been  confirmed  by  finitc-clemcnt 
analysis  and  can  be  observed  in  fig.  5.2,5.4,5.6. 
*  With  the  previous  assumptions,  the  element  ýdlt  of  each  layer  would  then  cor- 
respond  to  the  voltage  drop  within  the  corresponding  closed  tube  due  to  flux 
variation  in  both  iron  and  main  gaps. 
External  Conditions 
In  the  previous  section  a  first-order  approximation  of  the  diffusion  law  of  the  eddy 
currents  and  flux  within  the  iron  has  been  established.  New  assumptions  have  then 
been  added  in  order  to  associate  the  elements  (resistance,  nonlinear  inductances)  of  the 
resulting  network  to  the  complete  actuator  configuration.  However  no  information  has CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  123 
Figure  5.8:  Schematic  representation  of  the  flux  tubes  and  eddy  current  paths  in  an  ax- 
isymmetric  solenoid  actuator 
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Figure  5.9:  Electric  equivalent  network  for  first-order  approximation  of  the  flux  and  eddy 
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yet  been  provided  about  the  way  this  network  should  be  connected  to  the  energizing 
winding.  This  particular  aspect  of  the  problem  is  discussed  in  this  section. 
Previous  authors  [46,53,48,52]  have  compared  the  transient  phenomena  due  to 
eddy  currents  to  the  effect  of  a  damping  winding  coupled  to  the  energizing  winding. 
Therefore  the  diffusion  network  should  be  related  to  the  energizing  winding  by  following 
the  same  laws  as  for  a  transformer  whose  primary  is  characterised  by  N  turns  (the 
energizing  winding)  and  secondary  by  only  one  turn  (the  diffusion  network)  [55]. 
If  there  is  nothing  to  demonstrate  on  this  subject,  it  is  however  very  important  to 
understand  why  the  generation  of  eddy  currents  occurs  and  to  establish  from  it  a  simple 
law  to  approximately  evaluate  their  quantity  throughout  the  transient  process.  The 
following  developments  are  supported  by  fig.  5.10.  However,  for  simplicity,  it  is  first 
assumed  there  is  no  airgap  between  the  armature  and  the  core.  (SI  =0  and  82  =  0). 
The  generation  of  eddy  currents  within  the  iron  can  be  explained  by  the  fundamental 
laws  of  Maxwell  on  field  continuity  at  an  interface  between  two  different  materials  (e.  g. 
air  and  iron).  The  laws  related  to  a  magnetic  fields  are  : 
1. 
B,,,  --` 
Bn2  (5.19) 
where  B,,,,  Bn2  are  the  normal  component  of  the  flux  density  at  the  interface 
between  two  materials  1  and  2,  within  1  and  2  respectively.  There  is  then  no 
discontinuity  of  the  normal  component  of  the  flux  density  field  at  the  interfacc 
between  the  air  and  the  iron. 
2. 
a,,  0  [HI 
-  H21  J81  (5.20) 
where  HI,  H2  are  the  magnetic  field  strength  vectors  in  material  1  and  2;  a,, 
II  I  is  the 
positive  unit  vector,  normal  to  this  interface  and  0  is  the  vector  product.  The 
discontinuity  of  the  magnetic  field  strength  at  the  interface  between  air  and  iron 
creates  a  surface  current  density  J,  (A/m)  in  the  iron  whose  intensity  is  given CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  125 
by  the  difference  of  the  tangential  component  of  magnetic  field  strength  on  both 
sides  of  the  interface. 
From  this  law,  it  appears  then  that  the  generation  of  eddy  currents  is  due  to  a  discon- 
tinuity  of  the  tangential  component  of  the  magnetic  field  in  the  iron  surface  and  in  the 
surrounding  air.  Therefore  by  applying  Ampere's  law  on  the  two  contours  shown  in 
fig  5.10  (lying  on  each  side  of  the  interface,  very  close  to  each  other)  and  by  evaluating 
their  difference.  It  leads  to  : 
Hdl  -H  dl  ---: 
E  Ai  J.  i,  (5.21) 
where  Ai  defines  the  contour  length  in  the  actuator  iron  section  i;  Jj  is  the  magnitude 
of  surface  eddy  current  density  per  unit  of  contour  length. 
However,  just  after  switching  on,  it  is  assumed  that  the  magnetic  field  strength  in 
the  iron  is  very  small  compared  to  its  value  in  the  surrounding  air  such  that: 
ion 
HdI  --  09  (5.22) 
While 
HdI  =  NI,  (5.23) 
where  N  is  the  total  number  of  turns  of  the  energizing  winding  in  which  a  current  I  is 
flowing. 
And  by  combining  eq.  (5.21),  (5.22)  with  eq.  (5.23),  the  total  amount  of  eddy 
current  1,  just  after  switching  on  is  equal  to  the  total  amount  of  Amperc-turns: 
I,  = 
I:  Ai  J.  j  =  NI  (5.24) 
This  would  indeed  be  the  current  generated  in  a  transformer  short-circuited  secondary 
winding  with  only  one  turn. 
It  can  be  shown  that  the  previous  relation  is  not  only  valid  just  after  switching  on 
but  at  any  time  during  the  transient  period  for  which  it  is  still  possible  to  define  in CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS 
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Figure  5.10:  Contours  chosen  for  computing  the  eddy  currents  at  the  air-iron  interface  just 
after  switching  on. 
the  iron  a  contour  along  which  the  magnetic  field  strength  is  still  very  small.  In  other 
words,  the  total  eddy  current  is  equal  to  the  total  amount  of  ampere-turns  until  the 
flux  has  not  yet  reached  the  centre  of  the  iron  core  cross-section. 
In  the  presence  of  airgaps,  the  total  amount  of  ampere-turns  available  for  magnetis- 
ing  the  iron  is  reduced  by  the  amount  of  ampere-turns  required  for  the  gaps.  Thereforc 
the  total  amount  of  eddy  current  in  the  actuator  is  approximatively  equal  to  : 
I,  =E  Ai  Jj  =  NI  - 
f6l 
+62  Il  di  (5.25) 
where  81  and  S2  are  the  airgap  lengths  on  the  central  and  outer  limbs  respectively. 
Again  this  expression  is  only  valid  during  the  transient  process  when  it  is  still  possible 
to  define  a  contour  in  the  iron  on  which  the  magnetising  flux  is  very  small. CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  127 
Simple  Electromagnetic  Equivalent  Network  for  Axisymmetric  Solid  Iron 
Actuator. 
By  following  the  same  rules  as  for  a  transformer,  the  complete  electromagnetic  equiv- 
alent  circuit  of  the  flat-faced  solenoid  actuator  is  given  in  fig.  5.11.  The  equivalent 
circuit  has  been  related  to  the  'primary'  such  that  the  iron  resistances  are  in  this  net- 
work  multiplied  by  the  squared  value  of  the  number  of  turns  N  and  the  flux  is  now 
replaced  by  the  flux  linkage  0=  NO. 
However  it  can  already  be  observed  that  this  network  is  not  compatible  with  equa- 
tion  (5.25).  Indeed  the  total  amount  of  eddy  current  computed  from  this  network 
will  be  equal  to  the  total  amount  of  ampere-turns  although  the  flux  paths  include  the 
two  main  airgaps  2.  The  amount  of  eddy  currents  predicted  by  this  network  is  then 
somewhat  higher  than  the  real  amount. 
Computational  Advantages  of  the  Electromagnetic  Network. 
The  simplicity  of  this  network  has  many  computational  advantages: 
e  First  of  all  its  computation  does  not  require  any  iterative  procedure  nor  any 
matrix  handling.  Its  computation  is  straightforward  due  to  the  fact  that  the 
actuator  is  entirely  made  of  solid  iron  3. 
The  total  number  of  equations  for  solving  this  network  is  rather  small  (Nc  +  1), 
a  function  only  of  the  number  of  layers  into  which  the  actuator  has  been  divided. 
These  equations  are: 
1.  The  general  electric  equation  of  the  energizing  winding: 
dIl  2  V=Rll,  +Ll  T+N 
R21(h 
- 
121))  (5.26) 
t 
where  R,  is  the  winding  resistance,  I,  is  the  energizing  winding,  Ll  the 
winding  leakage  inductance  and  R2i  and  ILi  the  resistance  and  current  of 
2This  problem  is  discussed  in  a  following  section. 
3The  rectangular  actuator,  made  of  solid  iron  and  also  laminations,  requires  a  more  complex 
algorithm  as  it  will  be  demonstrated  in  the  next  chapter. CHAPTER,  5.  AXIS  VAIAIFIRICS01,  L'NOM 
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Figure  5.11:  Electromagnetic  equivalent  circuit  for  an  axisymnietric  solenold  actumor CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  129 
layer  i  in  the  diffusion  network  (see  fig.  5.11). 
2.  And  the  Nc  equations  of  the  diffusion  network 
d6l 
=N2 
R21  (Il 
-  ILj)  -N2 
R22  (ILl 
- 
IL2)9  (5.27) 
dt 
for  the  first  layer. 
d02i 
N2  R2i  (ILi-1 
-  ILj)  -N2 
R2i+I  (ILi 
-  ILi+l))  (5.28) 
dt 
for  i=2...  Nc  where 
dO2i 
is  the  flux  linkage  in  layer  i.  dt 
Each  layer  of  this  network  corresponds  to  a  closed  flux  tube.  Therefore  the 
computation  of  the  current  ILi  required  for  magnetising  each  flux  tube  in  this 
network  can  be  directly  computed  from  the  magnetostatic  characteristics  of  the 
actuator.  Indeed,  at  a  given  magnetising  current,  the  flux  quantities  produced  in 
a  closed  tube  and  in  the  total  actuator  are  related  by  the  ratio  of  their  respective 
cross-section  area  (in  any  section  of  the  actuator). 
In  order  to  increase  the  computational  speed  ,a  complete  set  of  magnetisation 
curves  is  not  directly  computed  (and  interpolated).  Instead  only  two  of  them 
corresponding  to  the  minimum  and  maximum  gap  length  are  computed  from 
the  magnetostatic  MEC  as  well  as  the  gauge  curve  presented  in  chapter  3.  The 
magnetising  current  at  any  intermediate  position  and  for  a  given  flux  linkage  in 
a  closed  flux  tube  is  then  retrieved  from  equation  3.1  by  first  scaling  the  flux 
linkage  value  in  order  to  relate  it  to  the  entire  actuator  dimensions. 
A  direct  consequence  of  this  procedure  is  that  the  static  effects  of  fringing  and 
slot  leakage  are  spread  over  each  flux  tube  such  that  the  steady-state  performance 
of  the  static  (fig.  2.16)  and  the  dynamic  (fig.  5.11)  networks  will  be  exactly  the 
same. 
M-ansient  Magnetic  Force  Computation. 
In  theory  the  transient  magnetic  force  could  be  computed  using  the  gauge  curvc  ap- 
proach.  This  approach  has  not  however  been  tested.  Instead  the  transient  forcc  is CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  130 
approximately  evaluated  with: 
2 
Fmag  :  -- 
091 
+ 
Og2 
2  (5.29) 
2  po  S,  2  po 
S2' 
02  02 
where  q,  and  .2  are  the  total  flux  flowing  in  the  central  and  outer  limb  main  airgaps 
respectively.  S1  and  S2  are  the  cross-section  areas  of  the  central  and  outer  limb  main 
airgaps  respectively. 
An  extra  computation  is  then  required  in  order  to  evaluate  the  flux  in  both  main 
airgaps  as  this  knowledge  is  not  available  from  the  magnetisation  curves. 
A  first  possibility  would  be  to  pre-compute  and  interpolate  two  sets  of  curves  giving 
each  the  total  flux  in  one  airgap  as  a  function  of  armature  position  and  magnetising 
current  (or  flux  linkage).  This  option  would  however  significantly  slow  down  the  speed 
of  the  overall  algorithm  while  the  amount  of  data  to  be  pre-computed  would  be  also 
greatly  increased.  For  these  reasons,  this  approach  has  not  been  considered. 
A  more  subtle  technique  consists  of  computing  the  main  airgap  flux  to  total  flux 
ratio  -r  versus  flux  linkage.  An  example  of  computation  of  this  ratio  is  given  in  fig.  5.12. 
At  constant  gap,  this  ratio  is  constant  under  low  saturation  level  and  can  be  derived 
analytically  by  only  considering  the  linear  elements  of  the  MEC.  For  the  central  limb, 
this  ratio  is  given  by: 
p9l  (i  -  PL Ptot  (5.30)  pgl  +  plil 
where  Pt,,  t  is  the  total  airgap  permeance: 
Pt.  t  = 
(Pgl  +  Pfil)  (pg2  +  pji2  +  Pf 
e)  +  PL,  (5.31) 
Pgl  +  Pfil  +  Pg2  +  Pfi2  +  Pic 
and 
P.,  is  the  main  airgap  permeance  of  the  central  limb, 
Pf  j,  is  the  inner  fringing  permeance  of  the  cental.  limb, 
PL  is  is  the  total  effective  slot  leakage  permeance, 
P.  2  is  the  main  airgap  permeance  of  the  outer  limb 
Pfi2  is  the  inner  fringing  permeance  of  the  outer  limb, 
Pj,  is  the  outer  fringing  permeance  of  the  outer  limb. CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  131 
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Figure  5.12:  Gap  flux  to  total  flux  ratio  versus  flux  linkage 
Similarly  for  the  outer  limb,  the  ratio  is  computed  with: 
Pg2  (1 
- 
PL 
T2  - 
Ptot  (5.32) 
P92  +  Pfi2  +  Pfe' 
When  saturation  increases,  the  leakage  flux  increases,  progressively  reducing  the 
the  proportion  of  flux  going  through  the  main  gaps.  This  information  is  stored  for  a 
series  of  gap  lengths  using  the  following  technique. 
At  constant  gap  length,  the  ratio  r  and  its  slope  -ý-'  are  evaluated  at  three  different  d,  P 
values  of  flux  linkages  tk.,  tkb,  tk,,  each  being  a  function  of  the  armature  position  and 
of  the  main  airgap  flux  in  the  central  limb  (the  input  flux  parameter  in  the  MEC)  : 
Oc  is  the  flux  link-age  computed  for  the  maximum  value  of  the  main  airgap  flux 
in  the  central  limb  considered  in  the  analysis  4  (091max)- 
0.  is,  at  minimum  gap  length,  the  maximum  flux  linkage  for  which  7-1  is  still 
given  with  good  accuracy  by  eq.  (5.30).  The  corresponding  value  of  the  main 
'This  is  usually  the  maximum  value  of  airgap  flux  considered  in  the  magnetisation  curve  compu- 
tation  for  minimum  and  maximum  gap  lengths. CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  132 
airgap  flux  0,,, 
..  j,,  is  used  for  computing  0.  at  any  other  gap  length. 
9  ob  is  the  flux  linkage  computed  at  a  constant  central  limb  airgap  flux  set  arbi- 
trarily  equal  to 
(0.1 
..  in  +  Oglmax)/2. 
At  a  given  gap  and  a  given  flux  linkage  Otube  in  a  closed  flux  tube,  it  follows  that 
the  ratio  rl  is  obtained  : 
1.  by  computing  the  flux  link-age  0  in  the  entire  actuator  which  would  correspond 
to  the  flux  linkage  Ot.  b,  in  the  closed  flux  tube  (using  a  scaling  factor), 
2.  by  checking  at  the  given  gap  whether  0<0,  If  yes  ,  the  ratio  r,  is  given  by 
equation  (5.30). 
3.  if  not,  by  computing  T,  from  a  third-order  polynomial  interpolation  performed 
between  0.,  Ob  or  IN,  0,  depending  on  whether  0  <-`  Ob  or  not  respectively.  For 
example  between  th,  0,  the  ratio  T,  is  equal  to: 
,r=  03  +  b02  +  co  +  d,  (5.33) 
where  a,  b,  c,  d  are  defined  as  a  function  Of  TI(0b)j  (d! 
O: 
L)?  Pb)  COM- 
d  d'ý 
puted  at  the  given  gap  length. 
An  example  of  the  results  obtained  with  such  a  technique  is  given  in  fig.  5.12  compared 
to  the  direct  computation  of  the  ratio'r  from  the  MEC  presented  in  fig.  2.16.  The  ratio 
T2  for  the  outer  limb  can  be  computed  by  following  the  same  algorithm. 
Then  by  taking  into  account  the  last  development,  the  magnetic  force  equation 
(eq.  5.29)  can  be  expressed  as  : 
Vc  'ki)2  'ki)2 
I  Tli  (ENc  .  2,  v+17  (5.34) 
2  po  S,  2  po  S2 
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5.3  Transient  Analysis 
The  previous  method  has  been  implemented  and  compared  with  time-stepping  finite  el- 
ements  and  measurements.  In  this  context,  'transient  analysis'  means  that  the  gap  was 
kept  constant.  Similarly  'dynamic  analysis'  refers  in  this  thesis  to  a  problem  including 
armature  movement.  The  actuator  dimensions  considered  in  the  following  simulations 
are  surnmarised  in  table  5.1,  in  which  column  D1  gives  the  actuator  characteristics  for 
the  comparison  with  transient  finite-element  analysis  and  column  D2  with  the  tran- 
sient  measurements  and  dynamic  FEA.  A  step  voltage  was  applied  to  the  actuator  for 
this  comparison. 
Variables  D1  D2 
A,  B  24  24 
C  6.49  6.5 
E  14  14 
D  1.78  1.85 
F  3  3.1 
T  3  3 
abcoil  0.2  0.8 
uncoil  0.2  0.8 
turn  130  152 
steel 
- 
2.5%  SiFe  2.5%  SiFe 
RT  1  0.92Q  3.8Q 
Table  5.1:  Axisymmetric  actuator  dimensions  for  transient  FE  (Dl),  measurement  (D2)  and 
dynamic  FE  (D2)  comparison. 
5.3.1  Layer  Distribution  and  Iron  Resistance  Computation 
The  minimum  number  of  layers  required  in  the  simulation  can  be  approximately  evalu- 
ated  by  comparing  the  performance  of  the  network  for  different  values  of  Nc.  Fig.  5.13 
and  5.14  show  the  results  of  the  transient  current  and  force  due  to  a  step  voltage  of 
1OV,  obtained  with  a  quadratic  distribution  of  the  layers  and  for  Nc  =  3,7,15,30. 
From  this  test,  it  can  be  observed  that  for  a  very  low  number  of  layers,  the  effect  of CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  134 
layer  division  is  clearly  visible,  inducing  an  undulation  pattern  in  the  current  wave- 
form,  due  probably  to  the  great  variation  of  iron  resistance  and  inductance  between 
successive  layers.  Also  a  low  number  of  layers  implies  a  lower  iron  resistance  for  the 
first  layer  and  therefore  a  higher  jump  in  the  current  waveform.  Above  Nc  >  7,  the 
electromagnetic  equivalent  network  starts  performing  reasonably  well.  In  practice  the 
number  of  layers  Nc  was  set  to  15. 
The  second  test  involved  using  a  quadratic  and  a  uniform  distribution  of  the  layers 
with  Nc  set  to  15.  The  'quadratic'  distribution  is  such  that  the  thinner  layer  is  situated 
next  to  the  coil. 
In  both  cases,  each  layer  is  characterised  by  four  variables  corresponding  to  the 
radial  coordinate  of  the  layer  extremities  in  both  central  and  outer  limb.  Based  on 
the  knowledge  of  these  coordinates  called  xcl,  xc2withXCI  >  XC2  for  the  central  limb, 
xel,  xe2with  xe2>  xe,  for  the  outer  limb  and  the  actuator  dimensions,  the  iron  resis- 
tance  of  each  layer  can  be  computed  in  the  different  actuator  sections.  The  formulae 
developed  for  the  iron  resistance  per  layer  and  per  section  are  summarised  in  table  5.2 
and  the  different  sections  are  shown  in  fig.  5.16. 
A  comparison  of  the  transient  current  obtained  with  the  two  types  of  layer  distribu- 
tion  is  given  in  fig.  5.15.  The  transient  force  waveform.  was  in  this  case  exactly  identical 
for  both  distributions.  As  the  uniform  layer  distribution  leads  to  smaller  values  of  re- 
sistance  in  the  first  layers,  a  higher  jump  of  the  current  can  be  observed  in  this  case 
just  after  switching  on.  However  the  initial  eddy  current  density  given  by  eq.  (5.20) 
is  equivalent  to  a  surface  current  density  sheet  such  that  it  seems  more  appropriate  to 
use  a  very  thin  layer  thickness  for  the  first  layer.  The  quadratic  layer  distribution  was 
therefore  preferred  to  the  uniform  one. 
In  a  more  general  context,  the  number  and  the  distribution  of  layers  is,  to  some 
extend,  comparable  to  designing  a  proper  mesh  in  a  finite  element  analysis.  Therefore 
the  number  of  layers  is  in  general: 
1.  an  increasing  function  of  the  thickness  of  each  actuator  section, CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  135 
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Figure  5.13:  Transient  current  versus  number  of  layers  Nc.  Step  voltage  of  1OV,  R1  =  2Q, 
G=O.  1mm 
2.  a  function  of  the  chosen  layer  distribution,  depending  on  the  driving  conditions 
(e.  g.  ac  or  dc  conditions). 
5.3.2  Comparison  with  Measurements  and  Finite-Elements 
A  comparison  of  transient  current,  force  and  induced  voltage  waveforms"  has  been 
carried  out  at  different  fixed  gap  lengths.  The  results  obtained  with  the  test  rig  pre- 
sented  in  chapter  4  are  reported  in  this  section  and  correspond  to  a  set  of  transient 
currents  and  induced  voltages  measured  at  two  different  gaps.  The  transient  force 
measurements,  requiring  a  different  test-rig,  are  surnmarised  in  Chapter  7  as  well  as 
the  test-rig  used  for  that  purpose. 
The  results  of  the  comparison  between  measurements  and  simulations  are  given  in 
fig.  5.17,5.18.  for  a  gap  length  of  0.0508  and  0.1016  respectively.  The  measurements 
were  obtained  at  very  low  frequency  to  ensure  the  decay  of  the  eddy  current  between 
two  impacts  and  also  with  relatively  low  step  voltages.  A  major  problem  was  therefore 
'This  induced  voltage  was  obtained  from  the  search  coil CHAPTER5.  AXISYMMETRIC  SOLENOID  ACTUATORS  136 
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Figure  5.14:  Transient  force  versus  number  of  layers  Nc.  Step  voltage  of  1OV,  RI  =  20# 
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Figure  5.15:  Transient  current  versus  layer  distributions.  Step  voltage  of  1OV,  R1  =  2Q, 
G=O.  1mm 
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Figure  5.16:  Sections  defined  for  computing  the  iron  resistance  summarised  in  table  5.2. CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  138 
the  computation  of  the  winding  resistance  changing  significantly  if  the  test  was  repeated 
several  times.  The  resistance  value  in  the  simulation  was  kept  constant  at  a  value  read 
just  after  each  test  using  an  HP  high  precision  multimetre.  However  this  approach 
does  not  take  into  account  of  the  resistance  variation  during  the  test  itselL  Also  the 
amount  of  eddy  current  is  an  increasing  function  of  the  step  voltage  magnitude  which 
was  kept  rather  low,  under  12V  for  any  measurements.  It  is  therefore  difficult  to  judge 
from  these  results  how  well  or  how  badly  the  simulation  performs. 
For  this  reason,  the  series  of  tests  have  been  completed  with  a  finite  element  analysis 
for  which  a  90  V  step  voltage  was  chosen.  This  comparison  is  shown  in  fig.  5.19 
6  including  also  the  results  corresponding  to  the  ideal  case  (without  eddy  currents)  . 
From  fig.  5.19,  it  can  be  observed  that  the  effects  of  eddy  currents  are  significant  on 
both  current  and  force  waveforms  and  also  that  the  simulation  results  are  in  excellent 
agreement  with  finite-elements. 
From  this  last  simulation,  the  following  variables  have  been  also  plotted  : 
1.  The  transient  eddy  current  density  for  each  layer  up  to  1.3ms  in  fig  5.20  and 
5.21  for  Nc=15  and  Nc=30  respectively.  The  eddy  current  density  per  layer  J, 
is  equal  to: 
L2. 
(5.35) 
where  Ii  is  the  current  flowing  through  the  iron  resistance  R26  Voli  is  the  volume 
of  the  closed  flux  tube  i  which  can  be  computed  from  the  volume  of  the  flux  tubes 
given  for  each  section  in  table  5.2. 
2.  The  total  eddy  current  I.  related  to  the  primaxy  (Ip)  which  is  given  in  fig.  5.22 
and  is  equal  to: 
Nc 
ILI)  +  E(ILi-I 
-  ILi)  =  11  -  ILNc-  (5.36) 
2 
"The  winding  resistance  was  set  to  0.92  Ohms  leading  to  a  steady-state  current  of  about  97  A, 
which  is  too  high  for  the  device  under  consideration  (see  table  5.1).  For  this  reason  the  comparison 
shown  in  fig.  5.19  has  been  restricted  to  a  maximum  current  of  40A. CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS 
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Figure  5.17:  Current  and  induced  voltage  waveforms  due  to  a  step  voltage  at  a  gap  length 
=  0.0508  mm.  Measurements  (solid  lines)  and  simulation  with  eddy  current 
(dashed  lines)  and  simulation  without  eddy  current  (dashed  lines  +  dots). 
3.  The  circuit  layer  currents  ILj  with  (i  =  L.  Nc)  are  given  in  fig.  5.22  for  Nc  =  15. 
The  layer  currents  are  shown  in  fig.  5.11. 
It  takes  in  this  case  about  0.5  ms  for  the  eddy  currents  and  for  the  flux  to  propagate 
through  the  overall  actuator  cross-sections.  This  corresponds  to  the  time  at  which  the 
eddy  current  density  (fig  5.20)  and  then  the  flux  start  rising  in  the  last  layer.  Indeed 
the  last  layer  current  IL  Nc  (fig-  5.22)  is  only  a  function  of  the  flux  flowing  in  the  last 
closed  tube  of  flux  (see  fig.  5.11). 
During  this  first  period  the  total  amount  of  primary-related  eddy  current  1,  P 
(fig.  5.22) 
is  equal  to  the  total  winding  current  as  the  current  in  the  last  layer  of  the  electromag- 
netic  circuit,  ILNc  (see  fig.  5.11),  is  still  equal  to  zero  in  eq.  (5.36).  This  observation 
has  however  to  be  taken  with  caution.  Indeed,  as  explained  in  section  5.2.2,  the  total 
amount  of  eddy  current  simulated  by  the  network  given  in  fig.  5.11  is  overestimated  by 
the  amount  of  ampere-turns  required  for  magnetising  the  airgaps  in  each  closed  flux 
tube.  As  soon  as  the  last  layer  is  affected  by  eddy  currents  and  therefore  generates 
some  flux,  the  total  amount  of  eddy  current  generated  in  the  actuator  starts  decreasing 
significantly. 
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Figure  5.18:  Current  and  induced  voltage  waveforms  due  to  a  step  voltage  at  a  gap  length 
=  0.1016  mm  with  R1  =  50.  Measurements  (solid  lines)  and  simulation  with 
eddy  current  (dashed  lines)  and  simulation  without  eddy  current  (dashed  lines 
+  dots). 
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Figure  5.19:  Current  and  force  waveforms  due  to  a  step  voltage  at  a  gap  length  =  0.1  mm. 
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Figure  5.20:  Eddy  current  density  waveforms  per  layer.  Nc  =  15 
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Figure  5.21:  Eddy  current  density  waveforms  per  layer.  Nc  =  30 
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Figure  5.22:  Layer  currents  in  the  electromagnetic  circuit  for  Nc  =  15,  total  current  Il 
and  total  eddy  current  related  to  the  primary  Ip. 
From  fig.  5.21,  it  can  be  observed  that  the  first  layer  jumps  to  its  maximum  value 
of  eddy  current  density  just  after  switching  on.  Then  the  eddy  current  density  rises 
in  the  following  layers,  each  with  a  different  rising  time  which  increases  when  the 
layer  is  further  away  from  the  iron  surface  (next  to  the  coil).  During  this  propagation 
time  (t  <  0.5ms),  the  maximum  value  of  eddy  current  density  reached  by  any  layer 
is  given  by  the  value  of  the  first  layer  eddy  current  density  '.  After  the  propagation 
time  (t  >  0.5ms),  the  eddy  current  generated  in  the  last  layers  decreases  very  quickly, 
leaving  only  the  eddy  currents  in  the  first  layers  decaying  slower. 
5.3.3  Conc  usions 
The  eddy  current  analysis,  as  presented  in  this  thesis,  is  more  complex  than  what  has 
been  carried  out  in  the  past  and  it  is  clear  from  this  new  approach  that  this  plicnomcnon 
can  not  be  approximated  with  high  accuracy  by  only  one  time  constant,  meaning  also 
7The  higher  value  of  eddy  current  density  in  the  last  layers  are  due  to  numerical  errors  during  the 
computation  and  also  probably  to  the  first-order  approximation  of  this  analysis. CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  143 
one  resistance  and  one  inductance. 
Also  the  1311  nonlinearities  have  a  important  role  during  the  diffusion  of  flux  and 
eddy  currents.  Indeed,  from  equation  (5.28),  it  appears  that  the  rate  of  flux  variation 
in  a  layer  (i  +  1)  is  an  increasing  function  of  the  current  value  JLj  flowing  in  the 
previous  layer.  However  this  current  is  linked  to  the  flux  linkage  of  the  same  layer  i 
through  a  nonlinear  magnetisation  characteristic.  Therefore  when  the  flux  tube  i  starts 
saturating,  its  respective  layer  current  ILi  increases  significantly,  leading  to  a  faster  flux 
rise  in  the  following  flux  tube. 
The  transient  evolution  of  eddy  currents  and  flux  in  each  layer  is  also  significantly 
affected  by  the  driving  conditions.  The  propagation  time  shown  in  the  previous  test 
is  rather  short  due  to  the  high  step  voltage.  For  comparison,  an  example  of  transient 
eddy  current  density  and  flux  waveforms  obtained  at  low  step  voltage  (7.8V)  is  given 
in  fig.  5.23  and  5.24  respectively.  These  results  are  actually  obtained  from  the  first 
comparison  made  with  measurements  shown  in  fig.  5.17. CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS 
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Figure  5.23:  Eddy  current  density  waveforms  per  layer.  Nc  =  15,  G=0.0508mm,  V 
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Figure  5.24:  Layer  currents  for  Nc  =  15,  G=0.0508mm,  V=7.8  V CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  145 
Sections  Resistance  (Q)  Volume  (m 
3) 
Sl 
21rp 
ln(xcllXC2)  (E-F) 
7r  (xc  2_ 
x4)  (E  -  F)  1 
S2 
27rp 
in(xcllxc2)F  (I  -C(.,  ý, 
' 
I  +-TC2) 
r  (xc2, 
-  x4)  F  (1  -2 
C  (-TCl  +XC2) 
S3  2,27re  L 
(XC,  +XC2)2  (XCJ 
7r 
(C2 
4C 
XC2) 
In  )-  (XCI-XC2) 
xCl+xC2  C 
21rp 
2  C2  P  D  S4  jn(;  dLý-D)  (p  (ýýe,  -Xej)+L  c 
C2 
11-4XCE21) 
U 
)  -  )(  ff  +  w((A/2- 
2 
S5 
27rp  7r 
(Xel  +XC2  )2  )2)  E  (xe2  -  xel)  4-  (A/2  -DD  ln(2jAý2ýý))DEý  (xe2-xel) 
27re  7r  (xe  2- 
xe 
2)  (Xel+xe2 
-  (A/2  -  D))  S6  L  sel  +xe2  D22  (  -(A12-D))  ln(xe2/xel) 
D2 
S7 
21rp 
In  (xe2  /xe  I)  (E  -  F)  7r  (Xe2 
-  xe 
2)  (E  -  F)  21 
21rp  2-  Xe2) 
Z  (--ei+xe2 
-  (A/2  -  D))  7r  (xe  S8  (zel  +xe2 
-(A/2-D))  ln(xe2/-Tel)  ZD 
2  2ID2 
S9 
2rp 
In  T  (xe2--Tel))  +  ff  2FA7F-2ýý)  D 
7r 
(  (Xel  +XC2)2 
-  (A/2  - 
D)2)  (xe2  -  xel)  4 
27rp 
7r  ((A/2  -D 
)2 
_ 
C2) 
;  (,  Te2  -,  Tel)+;  (XCI 
--TC2)  slo 
(  C  -  TC  )  2  X  l  -  2  (Alý:  D)  In 
2 
Sil 
2C 
21rp 
'i,  7r  (C2 
- 
(XCI  +,  TC2  )2  (XCI 
_  XC2) 
C  -,  TC2)  In 
C  (xci+zc2) 
(,  Tcl  4 
S12 
21rp 
Ina  T 
Tc 
7r  (XC2 
-  xc22)  T  (1  - 
ICI  +TC2 
2C 
2 
Table  5.2:  Expressions  of  the  eddy  current  resistances  in  the  different  actuator  sections CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  146 
5.4  Dynamic  Analysis 
The  previous  comparisons  are  not  sufficient  to  complete  the  validation  of  the  electro- 
magnetic  equivalent  circuit  shown  in  fig.  5.11.  A  dynamic  simulation,  Le  with  armature 
movement,  is  considered  in  this  section  involving  different  types  of  control  sequence. 
This  test  is  compared  with  time-stepping  finite  elements  and  gives  more  insight  into 
the  limits  of  the  proposed  network  configuration. 
5.4.1  Test  Conditions 
The  driving  conditions  chosen  for  the  new  comparison  are  very  close  to  what  it  could  be 
expected  in  a  real  application.  A  high  step  voltage  (90V)  is  used  in  order  to  accelerate 
the  rise  of  eddy  currents  and  flux  in  the  actuator.  The  current  is  limited  to  a  peak 
value  of  6A.  These  conditions  are  only  held  during  0.55ms  during  which  the  armature 
is  expected  to  move  to  its  minimum  airgap  length  position.  Then  a  free  wheeling 
operation  starts  and  reduces  progressively  the  current  to  its  holding  value  of  2A,  kept 
until  lms.  The  last  stage  is  the  switch-off  process  obtained  by  reversing  the  voltagc 
source  on  the  winding.  This  should  lead  to  a  fast  decay  of  the  current  and  a  return  of 
the  armature  to  its  initial  position. 
The  actuator  dimensions  considered  in  these  tests  are  given  in  column  D2  of  ta. 
ble  5.1.  The  winding  resistance  R,  is  set  to  3.8  Ohms.  The  voltage  drops  on  the 
diodes  or  transistors  are  neglected.  The  steel  is  the  same  as  for  the  magnetostatic  and 
transient  computation  for  which  the  iron  resistivity  p  is  42.810-10  m.  The  mechanical 
characteristics  defined  for  this  test  are  given  in  table  5.3. 
A  comparison  is  obtained  by  time-stepping  finite  elements  implemented  in  NIEGA 
by  Lucas  Varity  [42].  The  mesh  developed  for  this  purpose  is  given  in  fig.  5.25.  The 
armature  movement  is  obtained  by  stretching  the  airgap  mesh.  Within  the  iron  the 
mesh  has  been  mainly  refined  at  the  air/iron  interface,  where  the  diffusion  phenomena 
are  the  most  intense. 
The  results  of  this  comparison  are  shown: CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  147 
(A) 
(B) 
Figure  5.25:  Mesh  of  the  axisymmetric  actuator  developed  for  the  dynamic  analysis. CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  148 
Moving  mass  log 
Spring  constant  75  10'N/m 
Spring  preload  15N 
Minimum  gap  O.  lmm 
Maximum  gap] 
_ 
0.3mm 
Table  5.3:  Mechanical  characteristics  defined  for  the  dynamic  comparison. 
4p  in  fig.  5.26  for  the  transient  current  and  magnetic  force, 
e  in  fig.  5.27  for  the  armature  movement  and  the  total  flux  linkage, 
9  and  in  fig.  5.28  for  the  total  eddy  current. 
5.4.2  Result  Discussion 
For  I,  >  OA 
The  results  obtained  by  the  analytical  simulation  for  the  current,  magnetic  force,  ar- 
mature  movement  and  flux  linkage  are  in  excellent  agreement  with  the  finite-element 
analysis.  The  total  amount  of  eddy  current  is  however  larger  than  the  one  predicted 
by  finite-elements,  which  confirms  the  previous  discussion  of  section  5.2.2.  The  dis- 
crepancy  between  both  curves  corresponds  to  the  amount  of  ampere-turns  consumed 
by  the  airgaps.  For  the  same  reason,  the  effect  of  airgap  variation  is  not  visible  in 
the  analytical  simulation  but  can  be  clearly  observed  in  the  FE  case.  The  order  of 
magnitude  and  the  general  trend  of  the  analytically  predicted  eddy  current  is  however 
satisfactory. 
For  I,  =  OA 
During  the  switch-off  period,  the  winding  current  rapidly  decreases  to  zero.  However 
due  to  the  presence  of  eddy  currents,  the  flux  still  flows  in  the  actuator  and  decays 
slowly  during  nearly  one  more  millisecond. CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS 
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Figure  5.26:  Current  and  force  waveforms  during  the  dynamic  test. 
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Figure  5.27:  Armature  movement  and  flux  linkage  waveforms  during  dynamic  test. CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS 
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Figure  5.28:  Eddy  current  waveform  during  dynamic  test. 
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As  soon  as  the  current  has  returned  to  zero,  the  discrepancy  increases  significantly 
between  both  simulations.  The  natural  flux/force  decay  predicted  by  the  analytical 
model  takes  significantly  more  time  than  in  the  finite  element  case.  Also  the  level  of 
discrepancy  suggests  that  a  major  assumption  of  the  circuit  development  may  be  the 
cause  of  such  a  difference. 
Figure  5.29  shows  a  flux  plot  retrieved  from  the  finite  element  analysis  at  t=1.6ms. 
It  can  be  observed  that  a  significant  part  of  the  flux  does  not  flow  any  more  through  the 
airgaps  but  decays  by  forming  closed  loops  within  the  core  and  the  armature  separately. 
This  flux  plot  also  suggests  that  this  phenomenon  starts  within  the  first  layers  next  to 
the  coil  and  extends  progressively  to  the  following  ones  until  complete  decay. 
The  flux  path  configuration  described  above,  is  not  possible  within  the  electromag. 
netic  circuit  given  in  fig  5.11.  This  network  assumes  a  fixed  flux  path  going  through 
the  different  actuator  sections  for  any  driving  conditions  including  decay.  During  the 
natural  decay,  the  flux  simply  decreases  in  magnitude  in  each  layer  but  never  changes 
direction.  This  can  be  observed  in  fig.  5.30  showing  the  layer  current  waveforms  during 
the  dynamic  test.  A  change  of  sign  in  any  of  the  layer  current  would  indeed  correspond CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  151 
to  a  change  of  flux  direction  in  the  same  layer.  In  fig.  5.30,  there  is  clearly  no  change 
of  the  layer  current  sign  during  the  natural  decay  period  and  therefore  no  change  of 
flux  direction. 
It  is  concluded  that  the  network  topology  as  given  in  fig.  5.11  is  not  valid  for 
simulating  the  natural  flux  decay  and  cannot  be  applied  for  computing  the  complete 
dynamic  behaviour  of  actuators. 
5.4.3  Electromagnetic  Equivalent  Circuit  for  Dynamic  Com- 
putation 
The  problem  highlighted  in  the  previous  section  does  not  modify  the  diffusion  network 
configuration.  However  it  certainly  throws  some  light  on  the  interpretation  that  should 
be  given  to  the  circuit  elements  (iron  resistances  and  nonlinear  inductances).  Indeed, 
if  the  assumption  of  dividing  the  actuator  into  closed  flux  tubes  is  not  correct,  it 
means  that  a  diffusion  network  can  only  be  associated  with  one  part  of  the  actuator. 
Therefore  several  diffusion  networks  should  be  used  in  parallel  if  required  for  simulating 
the  complete  flux  path.  The  simplest  network  configuration  complying  with  this  new 
constraint  is  shown  in  fig.  5.31.  In  this  new  configuration,  the  actuator  has  been 
divided  into  two  diffusion  blocks,  one  for  the  armature  and  one  for  the  core.  The 
airgap  inductance  Ll  simulates  the  slot  leakage  flux  while  L.  simulates  the  main  airgap 
flux  as  well  as  the  fringing  flux. 
Although  this  new  configuration  has  not  been  completely  implemented,  it  can  be 
shown  that  there  are  some  major  differences  with  the  first  configuration,  which  should 
make  it  more  accurate  in  the  dynamic  simulation: 
e  First  of  all,  the  computation  of  eddy  currents  provided  with  this  new  network 
will  be  more  accurate.  Indeed  the  nonlinear  elements  in  each  diffusion  network 
correspond  only  to  iron  flux  tubes;  the  linear  inductances  for  the  airgaps  arc 
modelled  as  separate  elements  in  parallel  or  in  series  with  the  diffusion  blocks. 
It  follows  that  the  total  amount  of  ampere  turns  available  for  the  iron  losses  is CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  152 
reduced  by  the  mmf  drop  required  for  magnetising  the  airgaps  and  then  eq.  (5.25) 
is  in  this  case  respected.  A  variation  of  airgap  length  will  then  also  affect  the 
total  eddy  current  in  this  new  configuration. 
9  The  division  of  the  electromagnetic  equivalent  circuit  into  several  block  enables 
the  flux  to  diffuse  differently  in  each  block.  The  total  amount  of  flux  flowing  at  a 
time  is  limited  by  the  configuration  of  the  entire  circuit.  However  the  propagation 
within  any  actuator  section  is  now  a  local  function  of  the  iron  resistances  and 
nonlinear  inductances  of  the  respective  section. 
For  this  purpose  a  simple  test  has  been  implemented  which  shows  the  variation 
in  the  transient  behaviour  of  the  limbs  only  . 
The  test  consists  of  an  impact 
excitation  generated  in  the  network  configuration  shown  in  fig.  5.32,  in  which 
the  iron  losses  as  well  as  the  mmf  drop  in  the  yokes  have  been  neglected  .  Each 
of  the  two  diffusion  blocks  characterises  in  this  case  a  different  limb.  The  layer 
current  waveforms  obtained  from  this  test  for  both  limbs  are  shown  in  fig.  5.33. 
The  propagation  period  of  the  outer  limb  is  significantly  smaller  than  for  the 
central  one.  The  overall  transient  behaviour  of  the  axisymmetric  actuator  is 
mainly  driven  by  the  slow  flux  propagation  time  of  the  central  limb.  Indeed  the 
same  test  conditions  and  actuator  dimensions  have  been  used  in  fig.  5.24  obtained 
with  a  1-diffusion  block  circuit  and  in  fig.  5.33  obtained  with  a  2-diffusion  block 
circuit  (except  that  the  yokes  have  been  neglected  in  the  second  case).  The  results 
obtained  in  the  first  case  have  nearly  the  same  propagation  time  as  for  the  central 
limb  in  the  second  case. 
9  More  importantly,  by  fractioning  the  previous  closed  flux  paths  into  sections,  the 
flux  is  now  able  to  modify  its  direction  depending  on  the  driving  conditions  such 
that  during  a  natural  decay  period,  a  change  of  flux  direction  in  the  first  layers 
of  each  diffusion  block  can  be  observed.  This  can  be  demonstrated  using  again 
the  simplified  network  given  in  fig.  5.32.  A  natural  decay  period  is  simulated  by 
applying  a  step  voltage  with  a  limited  current  (2  A)  and  then  reversing  the  voltage 
until  complete  decay  of  the  winding  current.  Fig.  5.34  shows  the  winding  current 
(above)  and  the  layer  currents  (below)  in  the  central  limb  obtained  during  this CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  153 
test.  As  explained  earlier,  the  change  of  a  layer  current  sign  indicates  a  change 
of  the  flux  direction  within  the  same  layer.  During  the  natural  flux  decay 
,  the 
layer  currents  in  the  first  layers  of  the  central  limb  are  becoming  negative.  The 
same  phenomenon  can  be  observed  at  the  same  time  within  the  diffusion  block 
of  the  outer  limb.  Some  flux  is  still  flowing  however  in  the  airgaps,  generating 
an  mmf  drop  proportional  to  Ig  shown  also  in  fig.  5.34.  These  general  conditions 
look  similar  to  what  can  be  observed  in  fig  5.29. 
Although  the  computation  of  the  equivalent  circuit  shown  in  fig.  5.31  is  still  faster 
than  a  numerical  analysis,  the  division  of  the  actuator  model  in  different  blocks  removes 
some  of  the  computational  advantages  of  the  first  network.  Indeed  with  this  new 
equivalent  circuit,  it  is  no  longer  possible  to  compute  the  magnetising  current  based 
on  the  gauge  curve  approach  or  simply  based  on  the  evaluation  of  the  magnetisation 
characteristics  of  the  actuator.  At  any  time,  the  mmf  drop  in  each  layer  within  each 
actuator  section  has  to  be  retrieved  from  the  knowledge  of  the  flux  flowing  within  the 
corresponding  tube  and  its  geometrical  and  material  characteristics.  However  the  force 
computation  is  definitely  easier  than  with  the  first  circuit  as  the  airgap  flux  is  directly 
available  during  the  computation.  The  total  number  of  equations  is  multiplied  by  the 
number  of  diffusion  networks  considered  in  the  equivalent  circuit.  In  fact  it  is  clear 
that  more  complex  electromagnetic  equivalent  circuit  could  be  defined  in  practice.  For 
example,  a  possible  but  complex  equivalent  network  for  the  pot-core  actuator  could 
be  the  electrical  version  of  magnetic  equivalent  circuit  developed  for  the  magnetostatic 
analysis  (fig.  2.16),  in  which  each  nonlinear  inductance  (permeancc)  is  replaced  by  an 
appropriate  diffusion  network. 
It  should  be  however  emphasised  that  a  great  amount  of  useful  information  can 
already  be  retrieved  by  the  solenoid  designers  from  the  simplified  but  very  fast  electro- 
magnetic  equivalent  circuit  as  shown  in  fig.  5.11.  For  example  a  set  of  dynamic  sim- 
ulations  showing  the  effect  of  different  parameter  change  is  given  in  this  section.  Tile 
comparison  is  based  on  the  previous  dynamic  test  summarised  in  fig.  5.26,5.27,5.28 
but  limited  here  to  the  portion  which  has  given  a  good  agreement  with  FEA.  The 
different  simulations  include: CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  154 
A  variation  of  the  number  of  turns  such  that  the  total  amount  of 
ampere-turns  is  kept  constant.  The  results  are  shown  in  fig.  5.35.  The 
initial  simulation  which  was  compared  with  finite-element  analysis  is  shown  in 
dashed  lines  and  corresponds  to  152  turns.  It  can  be  seen  that  by  multiplying  the 
number  of  turns  by  a  factor  two,  the  inductive  effect  is  dominant  in  the  current 
and  force  rise  leading  to  a  significant  delay  in  the  armature  movement.  On  the 
contrary,  by  dividing  the  number  of  turns  by  two,  the  armature  moves  quicker  but 
not  as  fast  as  could  be  expected  due  to  the  generation  of  eddy  current,  delaying 
the  force  rise. 
2.  A  great  variation  of  the  iron  resistivity.  The  results  are  given  in  fig.  5.36. 
By  multiplying  the  resistivity  by  a  factor  ten,  the  current  and  force  rise  are 
close  to  what  it  could  be  expected  in  an  ideal  material  without  eddy  current. 
The  actuator  goes  to  saturation  changing  the  slope  of  the  current  rise  and  also 
leading  to  a  quicker  decay  of  the  already  reduced  amount  of  eddy  currents.  Then 
the  armature  also  moves  a  lot  faster. 
3.  A  variation  of  the  limb  length.  Although  the  limb  length  is  constrained  by 
the  amount  of  copper  in  the  slot,  fig.  5.37  shows  clearly  the  necessity  to  optimise 
this  variable.  Indeed  the  overall  behavior  of  the  actuator  is  dominated  by  the 
central  limb  iron  resistance,  a  function  of  the  limb  length.  The  total  amount  of 
mmf  drop  required  for  magnetising  the  limb  is  also  a  function  of  this  parameter.  It 
follows  that  by  reducing  the  limb  length  the  iron  resistance  per  layer  is  increased, 
the  flux  propagates  faster  within  the  iron  and  also  more  flux  is  available  for  the 
same  amount  of  ampere-turns.  Therefore  the  armature  moves  a  lot  faster. 
4.  A  simultaneous  variation  of  resistivity  and  BH  characteristics.  This  test 
tries  to  give  an  idea  about  how  much  dynamic  improvement  could  be  expected 
from  a  change  in  the  material  characteristics.  An  arbitrary  variation  of  both 
permeability  and  resistivity  is  then  imposed  on  the  material  characteristics  used 
in  the  original  dynamic  simulation  (dashed  lines  in  fig.  5.38).  It  is  concluded  from 
fig.  5.38  that  a  gain  of  20%  in  resistivity  leading  to  an  equivalent  decrease  of  the 
permeability  of  the  steel  will  not  lead  to  any  dynamic  improvement.  However  if CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  155 
the  trade-off  leads  to  a  different  proportion  of  small  variation  between  these  both 
parameters,  some  small  gain  may  be  obtained  in  the  dynamic  response. CHAPTER  5.  AXISYMMETRIC  SOLENOID  ACTUATORS  156 
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Figure  5.29:  Flux  plot  at  t=1.6ms  during  the  natural  flux  decay CHAPTER5.  AXIS  YA  1.1  IETRICSOLENOID  A  CTI  7ATO  HS 
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Figure  5.37:  Simulation  sensitivity  to  limb  length.  Dashed  lines:  E=  14mm,  Solid  lines: 
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5.5  Conclusions 
A  first-order  model  of  the  eddy  currents  generated  in  a  solid  iron  bar  have  been  de- 
veloped  from  first  principles  and  has  lead  to  a  so-called  diffusion  network.  An  electro- 
magnetic  equivalent  circuit  of  the  axisymmetric  fast-acting  solenoid  was  then  obtained 
by  assuming  specific  flux  paths  within  the  device  leading  to  a  first  interpretation  of  the 
iron  resistances  and  nonlinear  inductances  of  the  diffusion  network.  The  transient  and 
dynamic  comparisons  with  measurements  and  finite-elements  including  the  nonlinear 
characteristics  of  the  solid  iron  and  the  armature  movement  (for  dynamic  only)  show 
a  very  good  agreement  under  impact  excitation,  constant  current  and  free-wheeling 
operations.  However  the  same  network  has  not  satisfactorily  simulated  the  switch-off 
period  due  to  the  fixed  closed  flux  path  approximation.  However  it  has  also  been  shown 
that  this  previous  assumption  on  the  flux  paths  is  not  essential  for  defining  a  more  ap- 
propriate  electromagnetic  equivalent  network  for  the  actuator.  A  different  minimum 
circuit  configuration  has  been  proposed  for  dynamic  analysis  which  removes  all  the 
physical  contradictions  of  the  first  version. Chapter  6 
Rectangular  Solenoid  Actuators 
6.1  Introduction 
The  dynamic  model  for  the  rectangular  solenoid  actuator  has  been  developed  using  the 
same  approach  as  for  the  axisymmetric  case.  This  analysis  is  to  some  extend  simpler 
as  the  eddy  currents  affect  only  one  part  of  the  device,  the  armature,  which  can  not 
easily  be  built  with  laminated  material.  The  amount  of  eddy  currents  generated  in 
a  E-core  is  comparatively  less  than  for  the  pot-core  actuator  . 
However  the  transient 
delay  in  the  force  production  is  still  significant  as  it  can  be  observed  in  fig.  6.1  showing 
two  3D  finite-element  results  computed  with  and  without  eddy  current  generation  (90 
V  step  voltage).  The  eddy  currents  produced  within  the  laminated  core  arc  neglected 
in  all  following  numerical  or  analytical  simulations  compared  to  those  generated  in  the 
solid  armature. 
There  is  also  some  major  differences  with  the  axisymmetric  problem.  And  it  is 
shown  that  a  major  issue  in  the  rectangular  analysis  is  the  approximation  of  the  eddy 
current  paths,  significantly  affected  by  the  end-effects.  Also  the  computation  of  the 
resulting  network  is  based  on  a  different  approach  requiring  an  iterative  algorithm. 
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Figure  6.1:  Finite-element  results  comparing  the  transient  current  and  force  waveforms  due 
to  a  step  voltage  of  9OV,  obtained  with  and  without  eddy  current  generation. 
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6.2  Electromagnetic  Equivalent  Circuit 
The  electromagnetic  equivalent  circuit  proposed  for  the  rectangular  actuator  is  shown 
in  fig.  6.2.  The  electromagnetic  model  of  the  core  is  unchanged  from  the  magnetostatic 
analysis  derived  in  chapter  2  and  is  obtained  by  transforming  the  magnetic  equivalent 
circuit  shown  in  fig.  2.24  into  an  electromagnetic  equivalent  [56].  However  a  factor  2 
has  been  applied  to  all  the  circuit  permeances  as  the  magnetostatic  model  was  only 
developed  for  half  E-core.  As  some  of  the  eddy  current  paths  link  both  sides  of  the 
armature,  it  is  preferable  in  this  section  to  study  the  entire  actuator. 
The  nonlinear  inductances  given  in  fig.  6.2  are  a  function  of  the  pcrmeancc  cx- 
pressions  developed  in  the  magnetostatic  analysis  and  correspond  to  the  different  sub- 
sections  defined  in  the  limbs  and  in  the  yoke.  For  example  if  P,,  t  is  the  total  yoke 
permeance,  then  the  corresponding  inductance  is  equal  to  N  1,  e  2Pt.  Th  linear  induc- 
tances  in  series  with  the  nonlinear  components  are  the  various  slot  leakage  inductance 
elements  obtained  also  from  the  corresponding  permeance  defined  in  fig.  2.24.  The 
resistance  Ri  is  the  winding  resistance  and  the  total  airgap  inductance  LG  is  computed 
as  it  follows: 
LG  =  2N  2 
(P9l  +  Pfil  +  Pfel)(P92  +  pfi2  +  Pfe2) 
P91  +  pfil  +  Pf 
el 
+  P92  +  Pfi2  +  pfe2 
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P.,  is  the  main  airgap  permeance  for  half  of  the  central  limb, 
Pf  j,  is  the  inner  fringing  permeance  half  of  the  central  limb, 
Pf  el  is  the  outer  fringing  permeance  half  of  the  central  limb, 
P.  2  is  the  main  airgap  permeance  of  an  outer  limb, 
Pf  i2  is  the  inner  fringing  permeance  of  an  outer  limb, 
Pfc2  is  the  outer  fringing  permeance  of  an  outer  limb. 
In  fig.  6.2,  the  dynamic  model  of  the  armature  is  based  on  designing  an  appropriate 
diffusion  network.  This  configuration  could  be  called  'minimum'  as  a  combination  of 
several  diffusion  networks  is  also  a  possible  option  for  simulating  separately  the  various 
flux  and  eddy  current  paths  existing  in  the  armature  due  to  the  end-effects.  The 
assumptions  associated  with  the  development  of  this  diffusion  network  are  covered  in 
the  following  section.  The  total  airgap  inductance  is  directly  connected  in  parallel  with 
the  armature  model  such  that  the  main  airgap  flux  as  well  as  the  total  fringing  flux 
are  arbitrarily  assumed  to  flow  at  any  time  through  the  entire  armature.  This  is  an 
approximation  which  will  be  also  discussed  in  a  following  section. 
The  computation  of  this  dynamic  network  is  not  as  straightforward  as  it  was  for 
the  dynamic  analysis  of  the  pot-core  device.  And  to  some  extend  it  is  similar  to  the 
technique  applied  to  evaluate  the  dynamic  performance  of  a  switched  reluctance  motor. 
However  the  magnetisation  curves  cannot  in  this  context  be  computed  in  advance  due 
to  transient  variations  depending  on  the  driving  conditions  applied  to  the  device.  In 
other  words7  an  iterative  approach  is  required  for  the  electromagnetic  model  of  the 
rectangular  actuator  presented  in  fig.  6.2. 
Indeed  the  generation  of  eddy  currents  within  the  armature  dissociates  completely 
the  magnetostatic  link  between  current  required  and  flux  produced  by  the  armature. 
It  follows  that  more  current  (than  flux)  is  actually  consumed  by  the  armature  during 
the  transient  evolution.  This  excess  of  current  is  'seen'  by  the  core  as  a  higher  mmf 
drop  required  by  the  armature,  which  then  leads  to  a  higher  production  of  slot  leak-age 
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In  practice  the  transient  algorithm  (i.  e.  at  fixed  gap)  is  divided  into  three  steps 
surnmarised  in  fig.  6-3.  The  dynamic  algorithm  is  obtained  by  also  involving  the  me- 
chanical  equation  simulating  the  armature  movement. 
Step  1.  The  first  step  consists  in  computing  the  general  electric  equation  of  the 
actuator  winding  and  retrieving  from  it  the  actual  flux  linkage  ot  available  for 
the  solenoid.  The  winding  current  at  time  t=0  is  usually  set  equal  to  zero.  An 
iterative  process  then  starts  in  order  to  evaluate  which  amount  Of  flux  OG  in  the 
main  airgap  and  fringing  paths  would  lead  to  this  actual  flux  linkage  Ot. 
Step  2.  Indeed,  by  making  a  guess  of  the  airgap  flux,  01,  from  which  can  be  derived  G 
VG,  it  is  possible  to  evaluate  the  current  IG,,  required  for  generating  the  flux 
within  the  airgaps  and  in  the  armature  but  also  consumed  by  the  eddy  currents. 
These  last  parameters  IG,,  and  0'  are  the  input  parameters  for  the  magnetic  G 
equivalent  circuit  of  the  solenoid  core  which  can  now  be  computed. 
Step  3.  By  introducing  these  values  within  the  magnetic  model  of  the  core,  the  total 
flux  linkage  0,  and  total  current  I,  required  by  the  E-core  for  this  given  airgap 
flux  IG,,  can  be  evaluated.  The  iterative  process  between  step  2  and  3  stops 
when  the  actual  flux  linkage  Ot  and  the  predicted  one  01  satisfy  the  convergence 
criterion. CHAPTER  6.  P,,  E('TiiNG117L.,  11?,,  ýOI,  E.  Iý011),,  I("I't'.  ý1'1*()I?,  ý  161) 
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6.3  Armature  Model 
6.3.1  nansient  Eddy  Current  and  Flux  Density  Distribution 
Actual  designs  of  E-core  actuators  (fig.  1.4)  are  characterised  by  a  relatively  short 
stack  length  (Lstk  <  0.8  A).  Therefore  the  transient  electromagnetic  behaviour  of  such 
devices  is  significantly  affected  by  the  end-effects,  making  the  task  of  developing  an 
analytical  approximation  for  both  flux  and  eddy  current  paths  very  difficult.  However 
the  support  of  a  3D  transient  finite-element  analysis  is  nowadays  possible,  reducing  to 
some  extend  the  level  of  uncertainties  in  such  analytical  developments. 
3D  Finite  Element  Model 
A  3D  transient  numerical  analysis  of  the  large  E-core  actuator  shown  in  fig.  1.4  and 
whose  characteristics  are  summarised  in  table  4.3  has  been  carried  out  by  Lucas  Varity 
using  the  3D  finite-element  software  MEGA  [40] 
. 
Two  slices  of  the  3D  mesh  developed 
for  the  transient  analysis  are  given  in  fig.  6.4  and  6.5.  A  double  symmetry  reduces  the 
numerical  analysis  to  only  a  fourth  of  the  total  device  volume.  The  3D  mesh  was  built 
around  a  constant  pattern  in  the  XY-plane  (fig.  6.5),  a  function  of  the  geometrical  fea- 
tures  characterising  the  actuator  design  under  analysis.  The  original  design  included 
circular  holes  in  the  armature  which  explains  the  peculiar  mesh  element  composition. 
However  these  holes  have  been  filled  in  with  steel  for  the  purpose  of  this  work.  To 
increase  the  accuracy,  the  mesh  density  has  been  doubled  on  the  contours  of  the  arma- 
ture  where  the  flux  density  and  eddy  currents  start  their  diffusion  within  the  armature. 
The  dashed  lines  defines  the  winding  area  around  the  central  limb.  In  the  ZY-plane 
(fig.  6.4),  the  layer  thickness  decreases  significantly  around  the  working  airgap  region. CHAPTER  6.  RECTANGULAR  SOLENOID  ACTUATORS  172 
Figure  6.4:  3D  finite-element  mesh  of  an  E-core  actuator:  cut  at  X=(  'mi.  0(tw. CHAPTER  6.  RECTANGULAR  SOLENOID  ACTUATORS  17:  1 
Figure  6.5:  3D  finite-element  mesh  of  an  E-core  actuator:  cut  at  Z=  Consta7d. CHAPTER  6.  RECTANGULAR  SOLENOID  ACTUATORS  174 
Postprocessing  results 
Some  results  of  the  transient  31)  finite-element  analysis,  obtained  by  simulating  a  step 
voltage  of  90V,  are  discussed  in  this  section.  The  variables  considered  are  the  flux  and 
eddy  current  densities.  The  gap  was  fixed  at  0.3mm. 
Figure  6.6  shows  the  flux  density  distribution  at  50  and  200  ps  after  switching  on. 
As  expected  the  flux  density  distribution  mainly  occurs  at  the  interface  between  the 
working  airgap,  and  the  armature.  At  200  its  the  flux  diffusion  is  also  visible  on  the 
lateral  sides  of  the  armature  due  to  the  end-effects  (outer  fringing  flux).  Figure  6.7 
captures  nicely  these  both  flux  diffusion  phenomena. 
During  this  transient  period  the  armature  sections,  in  which  the  flux  density  has 
already  diffused,  are  also  characterised  by  high  eddy  current  densities.  This  is  shown 
in  fig.  6.8  corresponding  to  a  layer  close  to  the  airgap  (at  Z=  Cst)  for  t  =50  and  200 
ps.  These  induced  currents  flow  in  eddies  and  in  opposite  direction  to  the  winding 
current.  Their  paths  are  approximately  rectangular  with  however  a  variable  width  i.  e. 
very  large  above  the  slot  area  with  a  lot  more  thinner  section  above  the  central  limb. 
With  time  increasing  the  eddy  currents  spread  over  the  all  area  above  the  central  limb. 
Their  paths  are  not  strictly  2  dimensional  (Z  =  Cst)  as  it  can  be  observed  at  the  edge 
of  the  armature  slide  in  fig.  6.9.  The  length  of  the  arrows  in  this  figure  is  proportional 
to  the  local  eddy  current  density  which  varies  in  time.  After  analysing  several  cuts  at 
different  instants  it  has  been  observed  that  the  eddy  currents  follow  a  relatively  similar 
pattern  in  each  layer  defined  at  Z=  Cst,  from  which  a  simplified  electromagnetic 
model  of  the  armature  has  been  derived. 
6.3.2  Analytical  Approximation  of  the  Flux  and  Eddy  Cur- 
rent  Paths 
Similarly  to  the  axisymmetric  problem,  the  E-core  armature  has  been  divided  into 
layers,  simulating  the  propagation  of  flux  and  eddy  currents  within  the  armature. 
Figure  6.10  schernatises  the  approximated  flux  and  eddy  current  paths  computed  for CHAPTER  6.  RECTANGULAR  SOLENOID  ACTUATORS  175 
Figure  6.6:  Transient  flux  density  in  a  E-core  design  at  501ts  and  200/1..,;  due  to  a  step 
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Figure  6.7:  Transient  flux  density  plot  at  2001ts. CHAPTER  6.  RECTANGULAR  SOLENOID  ACTUATORS  177 
Figure  6.8:  Transient  eddy  current  density  plot  at  50tis  and  200ILs  in  the  armature.  Cut  at 
Z=  Cst.  See  yellow  arrows  in  fig.  6.6 CHAPTER  6.  RECTANGULAR  SOLENOID  ACTUATORS  178 
Figure  6.9:  Transient  eddy  current  density  plot  at  50j,,,  ý.  Cut  at  Z=  C-st  close  to  the 
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these  layers  in  the  analytical  model.  The  end-effects  make  particularly  difficult  the 
development  of  a  relatively  simple model.  For  this  reason  they  have  only  been  partly 
accounted  for  in  the  iron  resistance  computation  but  not  in  the  flux  path  evaluation, 
leading  then  to  some  physical  inconsistencies. 
Flux  Paths 
The  chosen  flux  paths,  corresponding  to  the  different  layers  in  the  electromagnetic 
equivalent  circuit  of  the  armature,  are  shown  in  fig.  6.10.  (B).  The  first  layer  covers 
only  a  small  height  of  the  armature  and  is  essentially  limited  to  the  width  of  the 
slots.  The  developed  model  respects  obviously  the  symmetry  of  the  device  under 
consideration.  Therefore  the  flux  paths  are  assumed  to  be  the  same  on  each  side 
of  the  E-core.  The  following  flux  tubes  (layers)  are  defined  such  that  the  flux  spreads 
progressively  through  the  complete  armature  volume.  Similarly  to  the  axisymmetric 
problem,  a  quadratic  distribution  of  the  layer  thickness  (Thj  for  layer  j)  has  been 
preferred.  The  number  of  layers  Nc  is  chosen  as  being  the  minimum  one  for  which  the 
computation  results  become  steady  (see  previous  chapter).  The  computation  of  the 
flux  density  and  mmf  drop  within  each  tube  requires  the  computation  of  the  various 
cross-sections  and  corresponding  lengths  of  all  the  flux  tube  sections.  In  this  simplified 
model  the  lateral  diffusion  of  flux  due  to  end-effects  has  been  arbitrarily  neglected. 
Eddy  Current  Paths 
Two  types  of  eddy  current  loop,  each  characterised  by  a  different  color  in  fig.  6.10.  A, 
are  assumed  to  flow  simultaneously  in  each  flux  layer.  It  is  obvious  from  fig.  MOM 
that  the  first  flux  layers  should  not  contain  any  iron  resistance  from  the  blue  sections 
shown  in  fig.  6.10.  A.  However  due  to  the  level  of  complexity  and  also  the  fact  that 
the  central  iron  section  is  generating  most  of  the  eddy  currents,  this  approximation  is 
acceptable.  The  arrows,  shown  in  each  coloured  section,  approximate  the  eddy  current 
paths  within  each  of  them.  The  inner  solid  or  dashed  lines  within  each  section,  are  a 
geometric  support  for  breaking  down  the  sections  into  eddy  current  paths  in  order  to CHAPTER  6.  RECTANGULAR  SOLENOID  ACTUATORS  180 
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Table  6.1:  Iron  resistance  computation  for  layer  J  characterised  by  a  thickness  Thj 
compute  their  iron  resistance  summarised  in  table  6.1. 
The  two  identical  'blue  loops'  simulate  the  eddy  current  generating  on  each  side 
of  the  armature  due  to  the  diffusion  of  the  outer  fringing  flux  within  the  armature 
(see  FEA  eddy  current  plot  in  fig.  6.9).  The  iron  resistance  computation  requires  the 
definition  of  two  new  variables  xAstk  and  xD,  shown  in  fig.  6.10. 
The  diffusion  of  the  main  airgap  flux  into  the  armature  takes  place  at  the  armature 
surface  above  the  slot  area  and  generates  the  major  amount  of  eddy  currents.  The 
schematic  current  path  associated  with  this  diffusion  is  shown  in  dark  pink  in  fig.  6.10.  A 
and  includes  the  sub-sections  2a,  2b,  2c  2d.  The  subsections  2b,  2d  are  assumed  to 
be  very  narrow  in  the  first  flux  layer,  a  function  of  the  parameter  xAstk.  This  is  due  to 
the  flux  diffusion  occurring  progressively  in  the  armature  above  the  central  limb.  With 
time  increasing,  the  flux  and  the  eddy  currents  propagate  from  the  first  layer  to  the 
following  one.  Doing  this,  they  cover  a  continuously  greater  area  of  the  armature  area 
above  the  central  limb  such  that  the  successive  layers  are  defined  with  progressively 
larger  sections  2b,  2d.  In  the  last  layer,  the  eddy  currents  are  assumed  to  flow  over 
the  entire  armature  section  above  the  central  limb.  The  exponential  terms  which  give 
the  width  variation  of  2b,  2d  with  layer  are  given  in  table  6.1  and  involve  a  degree  of 
empiricism.  The  total  iron  resistance  per  layer  j  is  equal  to  the  iron  resistancc  of  the 
three  eddy  current  paths  connected  in  parallel. CHAPTER  6.  RECTANGULAR  SOLENOID  ACTUATORS  182 
6.4  Parameter  Evaluation  and  UnderlYing  Assump- 
tions 
Based  on  the  previous  developments  the  transient  (and  dynamic)  performance  of  the 
E-core  can  in  theory  be  computed  by  following  the  algorithm  presented  in  section  6.2. 
However  the  computation  of  the  iron  resistance  for  each  layer  of  the  new  electromag- 
netic  model  of  the  armature  has  involved  the  definition  of  two  unknown  variables  xAstk 
and  xD.  In  practice  these  variables  should  be  evaluated  as  being  equal  to  a  certain 
percentage  of  the  armature  stack  length  Astk  and  of  the  armature  overlap  D'  with 
the  outer  limbs  respectively,  such  that  their  value  changes  accordingly  with  the  E-corc 
armature  dimension  being  considered.  For  simplification,  it  is  also  assumed  that  the 
ratios  xAstkIAstk  and  xDID'  will  be  equal.  This  assumption  is  sensible  considering 
the  task  difficulty  and  also  the  fact  that  the  eddy  current  resistance  is  mainly  de- 
termined  by  the  eddy  current  paths  in  the  central  part  of  the  armature,  a  function 
of  xAstk  only.  However  the  importance  of  setting  a  value  to  these  parameter  ratios 
should  not  be  underestimated  as  it  does  modify  significantly  the  order  of  magnitude 
of  the  layer  iron  resistances  (especially  the  first  ones)  and  also  the  resistance  range 
covered  between  the  first  and  the  last  layer.  Therefore  the  attributed  value  will  also 
determine  the  amount  of  iron  loss  generated  in  the  armature. 
This  current  issue  is  certainly  a  major  difference  with  the  axisymmetric  problem 
in  which  the  eddy  current  paths  were  clearly  defined;  and  this  difficulty  results  simply 
from  the  3D  nature  of  the  E-core  actuator.  The  practicality  of  solving  analytically 
the  rectangular  problem  will  then  depend  on  how  these  parameters  can  easily  and 
accurately  be  defined  and  also  on  the  fact  that  the  series  of  assumptions  underlying 
this  technique  are  reasonably  applicable.  These  assumptions  are: 
1.  The  eddy  current  paths  do  not  vary  with  the  airgap,  length. 
2.  The  eddy  current  paths  are  independent  of  the  driving  conditions  as  preconiscd 
by  Silvester  [53]. 
3.  The  eddy  current  paths  and  therefore  the  iron  resistance  can  be  simply  scaled CHAPTER  6.  RECTANGULAR  SOLENOID  ACTUATORS  183 
with  the  E-core  dimensions  involved  in  their  computation. 
A  first  attempt  to  evaluate  these  parameters  involved  fitting  a  transient  finite- 
element  solution  with  the  analytical  prediction.  The  available  results  included  the 
current  and  force  waveforms  due  to  a  step  voltage  of  90V  with  an  airgap  of  0.3  mm. 
It  occurred  that  by  tuning  the  parameters  xAstk  and  xD,  it  was  impossible  to  obtain 
a  satisfactory  agreement  for  both  traces  simultaneously:  a  proper  response  for  the 
current  induced  a  too  fast  force  response  and  a  proper  response  for  the  force  induced 
a  too  high  winding  current  due  to  too  much  iron  lossesi. 
This  major  difficulty  was  not  due  to  the  armature  model  but  to  other  assumptions 
made  in  the  electromagnetic  equivalent  network  of  the  E-core.  Indeed  after  studying 
more  closely  the  finite  element  results,  it  appears  that  the  inner  fringing  does  play  a 
important  role  in  the  transient  process  by  acting  rather  more  as  a  leakage  component. 
In  steady-state  conditions,  the  inner  fringing  flux  has  a  minor  action.  However  in  this 
transient  process,  the  armature  volume  above  the  coil  is literally  saturated  of  flux  and 
eddy  currents  such  that  a  significant  portion  of  flux  crosses  the  airgap  region  above 
the  slot  without  linking  the  armature,  producing  no  useful  force.  This  transient  phe- 
nomenon  is  shown  in  fig.  6.11  gathering  the  airgap  flux  density  (module)  distribution 
at  three  different  heights.  In  the  airgap  layer  close  to  the  limbs  a  concentration  of  flux 
density  appears  on  each  side  of  the  slot.  This  amount  of  flux  is  not  flowing  in  direction 
of  the  armature;  otherwise  a  peak  of  intensity  would  have  also  appeared  in  the  other 
waveforms  or  at  least  the  flux  density  should  have  been  in  average  higher  in  the  two 
other  distributions  under  each  limb 
. 
Therefore  this  peak  of  flux  density  crosses  the 
slot  following  a  path  at  some  stage  parallel  to  the  armature. 
To  take  approximately  this  phenomenon  into  account  within  the  analytical  model, 
the  inner  fringing  permeances  included  in  the  computation  of  LG  in  eq.  6.1  were  rc- 
moved  and  put  instead,  in  parallel  with  the  slot  leakage  permeance  PL3  shown  in  fig.  6.2. 
In  this  way,  the  flux  dragged  by  the  inner  fringing  permeances  does  not  link  any  more 
the  armature.  Although  the  force  computation  before  the  circuit  modification  did  not 
'The  force  in  the  E-core  problem  is  computed  by  following  the  same  approach  as  for  the  pot-core:  at 
any  time  increment,  the  total  flux  flowing  through  the  main  gaps  is  evaluated  from  the  electromagnetic 
model  and  eq.  5.29  is  applied. CHAPTER  6.  RECTANGULAR  SOLENOID  ACTUATORS  184 
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Figure  6.11:  Flux  density  distribution  in  the  airgap  at  three  height  levels. 
involve  the  flux  within  these  inner  fringing  permeances,  an  great  improvement  has 
been  observed  in  the  results  obtained  with  the  modified  electromagnetic  network.  And 
a  proper  fit  for  both  current  and  forces  waveforms  could  then  be  easily  obtained  with: 
xAsik  =  0.02  Astk7  (6.2) 
and 
xD  =  0.02  D'.  (6.3) 
The  corresponding  transient  waveforms  are  shown  in  fig.  6.12  for  the  current,  in 
fig.  6.13  for  the  force  and  in  fig.  6.14  for  the  eddy  current  losses. CHAPTER  6.  RECTANGULAR  SOLENOID  ACTUATORS 
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Figure  6.12:  Transient  current  waveform  resulting  from  a  step  voltage  of  90V  and  a  current 
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Figure  6.14:  Iron  losses  resulting  from  a  step  voltage  of  90V  and  a  current  limit  of  10A. 
6.5  Conclusions 
The  satisfactory  agreement  obtained  in  the  last  three  figures  tends  to  demonstrate  that 
the  proposed  electromagnetic  equivalent  network  is  a  promising  technique  for  simu- 
lating  dynamically  the  E-core  actuator.  The  generation  of  eddy  currents  within  the 
armature  is  modelled  with  a  diffusion  network.  The  computation  of  the  iron  resistance 
and  nonlinear  inductance  per  layer  is  derived  from  a  simplified  analytical  model  of  the 
flux  and  eddy  current  paths  based  on  finite-element  results.  Although  an  iterativc  ap- 
proach  is  required,  the  overall  computation  is  significantly  faster  than  a  corresponding 
3D  finite-element  analysis.  Therefore  the  proposed  method  is  a  potential  complemen- 
tary  design  tool  to  the  latter. 
However  it  is  also  too  early  to  make  any  definitive  conclusions  concerning  the  perfor- 
mance  of  the  electromagnetic  equivalent  network  as,  if  this  development  has  certainly 
benefited  from  the  experience  acquired  in  the  axisymmetric  analysis,  it  does  also  leave 
some  important  questions  without  any  answer.  For  example, 
1.  What  would  be  the  analytical  results  for  a  different  gap  or  a  different  control CHAPTER  6.  RECTANGULAR  SOLENOID  ACTUATORS  187 
strategy? 
2.  Is  it  possible  to  develop  a  more  accurate  armature  model  with  less  or  none  un- 
known  parameters? 
3.  How  would  be  the  accuracy  affected  by  a  design  modification? 
Unfortunately  these  questions  will  not  be  answered  in  this  thesis.  However  a  com- 
parison  of  this  analytical  technique  with  measurement  is  given  in  the  following  chapter, 
for  which  the  variables  xAstk  and  xD  are  computed  with  eq.  (6.2)  and  (6.3).  It  involves 
a  different  E-core  design  with  an  average  airgap  of  O.  1mm  and  also  a  different  control 
strategy. Chapter  7 
Transient  and  Static  Force 
Measurements 
7.1  Introduction 
A  comparison  of  the  analytical  force  computation  with  finite-elements  has  already  been 
presented  in  the  previous  chapters  for  both  pot-  and  E-corc  devices. 
The  validation  for  static  force  was  given  in  fig.  3.7  and  fig.  3.8  for  a  pot-corc  and  an 
E-core  design  respectively.  In  both  cases  a  satisfactory  agreement  was  concluded.  The 
computation  of  the  analytical  force  involved  using  the  co-energy  approach  Summarised 
in  chapter  2  and  also  the  gauge  curve  technique  presented  in  chapter  3.  A  good 
agreement  was  obtained  between  these  two  methods,  again  for  both  axisymmetric  and 
rectangular  devices. 
A  transient  and  dynamic  force  comparison  with  finitc-clements  has  also  bccn  prc- 
sented  for  the  axisymmetric  problem  and  is  summarised  in  fig  5.19  and  fig.  5.26.  The 
control  sequence  for  both  tests  consisted  in  a  step  voltage  (90V)  with,  for  the  dy- 
namic  problem  only,  a  current  limit  of  6A  .  In  both  cases  a  satisfactory  agreement 
between  the  finite-element  method  and  the  analytical  model  was  concluded  although 
the  electromagnetic  equivalent  circuit  in  fig.  5.11  was  not  shown  to  be  appropriatc  for 
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Figure  7.1:  Pot-core  and  E-core  actuators  in  their  housing  component  for  force  measure- 
ments. 
simulating  flux  decay  due  to  the  variation  of  flux  patlis. 
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Variables  IMM] 
A  20.4 
B  18.29 
C  3.25 
E  19 
D  3.5 
F  5 
T  3.5 
Lstk  14.12 
Astk  14.46 
Sins  0.5 
abcoil  3.0 
uncoil  1.0 
Fstk  0.95 
Lamination 
material  Unisil  35  M7 
Armature 
material  2.5%  SiFe  Steel 
N  130 
Resistance  1.5  OLM 
__j 
Table  7.1:  E-core  actuator  dimensions  for  force  measurements. 
7.2  Test  Rig  Set-Up 
7.2.1  Force  Rig 
The  force  rig  presented  in  fig.  7.2  was  conceived  by  Lucas  Diesel.  The  armature,  placed 
above  the  top  plate,  is  fixed  to  the  piezo-electric  force  transducer  placed  between  the 
two  plates.  A  hole  has  been  drilled  into  the  top  plate  such  that  there  is  no  contact 
between  this  plate  and  the  armature  assembly.  The  core  housing  is  fixed  to  the  top  plate 
through  a  smaller  stainless  steel  rectangular  plate  screwed  on  to  the  top  plate  around 
the  armature  as  shown  in  fig  7.3 
. 
The  stainless  steel  plate  height  is  slightly  grcater 
than  the  armature  to  ensure  that  an  airgap  is  kept  constant  between  the  core  fixed  to 
the  top  plate  and  the  armature  fixed  to  the  transducer.  With  this  particular  setup, 
the  airgap  length  can  be  easily  measured  using  a  clock  gauge,  and  also  modified  by 
changing  the  height  of  the  spacer  inserted  into  the  armature  and  transducer  assembly. CHAPTER  7.  TRANSIENT  AND  STATIC  FORCE  MEASUREMENTS  191 
Figure  7.2:  Force  rig  for  transient  measurements. 
Possible  sources  of  error  with  such  a  force  rig  could  result  from  problems  of  alignment 
and  parallelism  between  the  core  and  the  armature. 
7.2.2  Test  Rig 
The  complete  test  rig  used  for  transient  measurement  includes: 
1.  the  force  rig  using  a  Kistler  piezo-electric  force  transducer  type  93  11  B, 
2.  a  HP  6010  A  DC  power  supply  , 
3.  a  switched  reluctance  phaseleg  plus  associated  gate  drives, 
a  SPEED  FC3  flexible  Controller  (+  PC), CHAPTER  7.  TRANSIENT  AND  STATIC  FORCE  MEASUREMENTS  192 
Figure  7.3:  Top  plate  set  up  for  the  force  rig. CHAPTER  7.  TRANSIENT  AND  STATIC  FORCE  MEASUREMENTS  193 
two  small  DC  power  supply  for  the  current  sensor  and  gate  drives. 
The  instruments  for  measurements  include: 
1.  a  Kistler  charge  amplifier  type  5011A, 
2.  a  Tek  Am503  current  amplifier, 
3.  a  Le  Croy  9414  Oscilloscope, 
4.  a  TEK  A6302  current  probe, 
5.  a  High  precision  HP  3457A  multimeter, 
6.  a  clock  gauge  and  a  base  plate  (precision  1  jim)  for  measuring  the  gap. 
The  actuator  winding  is  connected  to  the  SR  power  phaseleg  whose  gate  drives 
are  controlled  by  the  PWM  controller.  The  control  set  up  is  surnmarised  in  fig.  7.4 
and  generates  a  sequence  of  three  successive  periods  of  2ms  followed  by  a  significantly 
longer  'dead  time',  ensuring  no  heating  of  the  winding  and  a  complete  decay  of  the 
eddy  currents.  The  control  sequence  includes: 
9  During  the  first  period,  a  60V  step  voltage  is  applied  to  the  winding  until  a 
current  limit  of  2A  is  reached.  Then  a  fixed  PWM  duty  cycle  is  applied  until  the 
end  of  this  period. 
*  The  second  period  corresponds  to  a  free  wheeling  operation  during  2  ms. 
In  the  third  period,  another  fixed  PWM  duty  cycle  is  applied  (half  of  the  first 
one). 
e  At  the  end  of  the  third  period,  both  switches  are  turncd-off  and  the  voltagc  is 
reversed. 
The  choice  of  the  control  sequence  for  the  transient  measurement  is  purely  arbri- 
trary  and  results  from  a  trade-off  between  varying  the  control  to  extend  the  range CHAPTER  7.  TRANSIENT  AND  STATIC  FORCE  MEASUREMENTS  194 
of  validation  and  also  keeping  it  as  simple  as  possible  to  simulate  it  with  sufficient 
accuracy.  The  soft  switching  frequency  is  31.25KHz. 
The  steady  state  measurements  are  based  on  a  slightly  different  test  rig  in  which 
the  current  was  kept  constant  at  each  measurement  by  adjusting  the  DC  voltage. CHAPTER  T.  TR.  ANSIENT  AND  191") 
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7.3  Static  Forces  Measurements 
The  static  force  measurements  are  presented  in  fig.  7.5  and  7.6  for  several  airgap 
lengths.  For  some  of  the  measured  airgaps,  two  simulated  curves  are  plotted  for  slightly 
different  gap  lengths.  Indeed,  the  force  sensitivity  to  gap  length  variation  changes 
significantly  within  the  gap  range  (0.05  to  0.5mm).  Therefore  by  drawing  two  simulated 
curves  corresponding  to  two  gap  lengths  closed  to  the  average  measured  gap,  it  shows 
how  sensitive  the  force  measurement  results  are  to  slight  errors  in  the  corresponding 
airgap  measurements. 
For  each  device  type,  the  measurement  results  seem  to  lead  to  the  similar  conclu- 
sions  as  in  the  comparison  carried  out  with  finite-elements  shown  in  fig.  3.7  and  3.8 
although  different  pot-  and  E-core  designs  were  considered.  It  is  concluded  that,  for 
the  pot-core  actuator,  the  analytical  model  is  in  good  agreement  with  the  measure- 
ments  and  also  with  the  finite-elements.  For  the  rectangular  actuator,  the  analytical 
model  has  only  a  satisfactory  agreement  with  finite-elements  and  measurements.  The 
accuracy  is  good  in  the  linear  section  but  deteriorates  progressively  with  increasing 
saturation'.  Also)  in  the  comparison  with  measurements,  a  slight  change  of  the  main 
airgap  permeance  P.,  has  been  implemented  in  order  to  take  into  account  the  signif- 
icant  airgap  length  variation  above  the  central  limb  due  to  the  hole  within  the  screw 
fixing  the  armature  to  the  rig. 
1The  variable  limbsec  was  set  to  4  during  the  simulation  compared  to  measurements. CHAPTER  7.  TRANSIENT  AND  STATIC  FORCE  MEASUREMENTS 
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7.4  Transient  Forces  Measurements 
7.4.1  Axisymmetric  Actuator 
The  transient  measurements  obtained  by  applying  the  previous  control  sequence  are 
shown  in  fig.  7.7,7.9,7.11  for  the  current  corresponding  to  three  different  gap  lengths 
along  with  the  analytical  simulation  results.  Figures  7.8,7.10,7.12  gather  the 
corresponding  transient  force  results. 
The  transient  measurements  lead  to  new  conclusions  concerning  the  range  of  driving 
conditions  for  which  the  simplified  electromagnetic  network  shown  in  fig.  5.11  can 
be  applied  with  a  certain  level  of  accuracy.  However  before  developing  this  point, 
it  is  important  to  mention  the  difficulties  encountered  during  this  validation  which 
may  influence  the  way  the  results  should  be  interpreted.  The  period  corresponding 
to  a  constant  PWM  duty  cycle  have  been  simulated  by  applying  to  the  simulated 
actuator  an  average  voltage  obtained  by  multiplying  the  source  voltage  (GOV)  with  the 
duty  cycle.  Unfortunately  it  was  found  after  measurements  that  the  switching  devices 
(Mosfet  IRF840)  as  well  as  the  diodes  (BY229)  could  generate  a  significant  voltage 
drop  in  the  circuit.  The  periods  the  most  affected  by  these  drops  could  be  the  fixed 
PWM  duty  cycle  and  free-wheeling  sequences  - 
An  attempt  has  been  made  to  model 
these  nonlinear  drops.  However  the  technical  information  for  the  transistor  was  not 
very  helpful  for  such  low  levels  of  current  characterising  the  results  obtained  for  two 
first  gaps  at  least.  The  voltage  drop  for  each  diode  was  fixed  to  0.5  V  and  to  0.1  V  for 
the  transistors.  The  duty  cycle  period  however  involves  another  difficulty  as  the  active 
electric  circuit  does  vary  with  the  duty  cycle  e.  g.  if  the  duty  cycle  was  set  to  20,  two 
transistors  should  be  simulated  switched-on  during  20  %  of  the  switching  period  while 
only  one  and  a  diode  are  switched  on  during  80  %  of  the  same  time.  In  practice,  the 
simulation  assumes  simply  two  transistors  switched  continuously  on  when  the  average 
voltage  is  applied.  In  summary  it  is  rather  difficult  to  compare  in  absolute  terms  the 
given  results  and  the  discussion  here  should  be  limited  to  the  general  trends  of  the 
transient  current  and  force  curves. CHAPTER  7.  TRANSIENT  AND  STATIC  FORCE  MEASUREMENTS  199 
The  transient  current  and  force  measurements  obtained  for  the  three  different  air- 
gaps  have  a  relatively  similar  waveform.  During  the  initial  step  voltage,  the  measured 
current  response  is  affected  by  the  iron  losses  and  also  the  generation  of  flux  in  the 
different  airgap  paths,  leading  to  a  simultaneous  jump  in  the  force  waveform.  Indeed 
by  comparing  fig.  7.8,7.10,7.12,  it  can  be  observed  that  the  level  of  this  force  jump 
is  an  inverse  function  of  the  the  gap  length.  Due  to  the  high  initial  iron  resistance 
and  the  low  total  airgap  inductance,  the  current  rises  rapidly  to  its  peak  value  starting 
the  PWM  fixed  duty  cycle  mode.  During  the  same  period,  the  simulated  current  for 
each  gap  shows  an  even  faster  growth  with  no  significant  inductive  behaviour.  This 
result  was  anticipated  from  the  simplified  electromagnetic  equivalent  circuit  shown  in 
fig.  5.11  as  the  total  airgap  inductance  is  hidden  within  the  diffusion  network.  By 
dividing  the  actuator  into  closed  flux  tubes,  it  has  been  implicitly  assumed  that  the 
flux  diffuses  simultaneously  in  both  airgaps  and  iron.  In  this  case  the  simulated  force 
'jump  is  significantly  smaller  than  the  real  one.  Also  the  PWM  duty  cycle  mode  starts 
earlier  (more  than  two  time  faster)  as  the  peak  current  is  reached  a  lot  quicker.  In 
order  to  compensate  this  effect,  the  PWM  duty  cycle  mode  for  the  simulation  results 
in  the  given  figures  has  been  delayed  in  order  to  start  at  the  same  time  as  for  the  mea- 
sured  results.  This  correction  was  obtained  by  retrieving  from  the  measured  voltage 
waveform.  the  time  during  which  a  constant  step  voltage  was  applied  to  the  actuator. 
This  has  been  done  for  each  gap.  Even  so,  the  initial  simulated  force  jump  is  still 
significantly  lower  due  to  the  required  simultaneous  diffusion  of  the  flux  within  tile 
iron  and  the  airgaps.  Such  particular  effects  were  not  visible  in  the  previous  dynamic 
test  validated  against  FEA  as  the  step  voltage,  also  higher  (90V),  lasted  long  enough 
to  allow  a  fast  and  complete  propagation  of  the  flux  within  the  iron  and  therefore  to 
allow  the  transient  simulated  force  to  'catch  up'  with  the  finite-element  force  response. 
For  each  gap,  the  force  waveform  is  characterised  by  a  two  peak  shape  as  the  duty 
cycle  reduces  greatly  the  average  voltage  on  the  winding,  leading  to  a  lower  diffusion 
of  flux  within  the  iron  compared  to  the  dynamic  test  for  example.  The  discrepancy 
between  the  simulated  and  measured  force  waveforms  during  the  first  PWM  duty  cycle 
mode  is  mainly  due  to  the  variation  in  the  initial  jump.  The  following  sections  of 
the  transient  waveforms  of  current  and  waveform  may  be  significantly  affected  by  the CHAPTER  7.  TRANSIENT  AND  STATIC  FORCE  MEASUREMENTS  200 
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Figure  7.7:  Pot-core  actuator:  transient  current  versus  time 
rather  unknown  drops  occurring  in  the  active  circuit  and  therefore  it  is  not  appropriatc 
to  draw  any  conclusions.  However  the  slower  decay  of  the  simulated  transient  force, 
already  commented  in  the  finite-element  validation,  can  once  more  be  observed  in  this 
section  against  the  measurements. 
7.4.2  Rectangular  Actuator 
Due  to  the  difficulty  encountered  in  the  validation  against  measurements  for  the  ax- 
isymmetric  problem,  only  the  airgap  has  been  tested  for  the  rectangular  actuator 
(0.24mm).  The  level  of  current  being  in  average  higher  than  in  the  pot-corc  experiment, 
the  diode  drop  has  been  set  to  1V  and  the  transistor  drop  has  been  approximated  by  a 
resistance  of  0.5  0  taking  partially  into  account  the  fact  that  both  transistors  are  not 
on  during  the  complete  PWM  duty  cycle  periods. 
First  it  is important  to  underline  that  the  tested  &core  has  a  smaller  overall  design 
than  when  compared  in  the  previous  chapter  with  the  finite-element  analysis.  Ilowcvcr 
the  same  number  of  layers  (20)  and  the  same  assumptions  on  the  eddy  current  paths CHAPTER  7.  TRANSIENT  AND  STATIC  FORCE  MEASUREMENTS 
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have  been  used.  The  iron  resistances,  being  a  function  of  the  actual  armature  dimcn- 
sions  have  however  a  different  final  value.  From  the  comparison  shown  in  fig.  7.13 
for  the  transient  current  and  in  fig.  7.14  for  the  transient  force,  the  analytical  electro- 
magnetic  model  looks  a  promising  technique  although  it  is  clear  that  more  validation 
should  be  undertaken.  The  E-core  dynamic  model  does  not  involve  the  aforementioned 
strong  assumption  underlying  the  simplified  pot-core  model.  Therefore  to  some  extent, 
a  better  agreement  between  simulation  and  measurement  was  expected  for  the  rectan- 
gular  device.  Fig.  7.15  shows  that  the  total  simulated  eddy  current  corresponding  to 
this  transient  test.  And  the  corresponding  iron  losses  computed  as 
Ne 
2  )2,  R21  421  +E  R2i  (I2i-1 
2  (7.1) 
2 
f  where 
IR21  is  the  current  flowing  through  the  first  iron  resistance 
R21  in  the  clectro- 
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7.5  Conclusions 
The  dynamic  simulation  of  the  axisymmetric  actuator  based  on  the  simplified  electro- 
magnetic  network  demonstrates  a  significant  variation  of  its  accuracy  level  depending 
on  the  driving  conditions.  The  origin  of  the  discrepancy  has  however  been  identified  in 
each  case  as  being  the  previous  assumption  made  on  the  flux  paths  (the  closed  flux  tube 
configuration)  leading  to  this  first  electromagnetic  model.  However  it  has  been  shown 
in  chapter  5  that  this  assumption  is  not  necessary  and  a  more  refined  and  accurate 
electromagnetic  equivalent  network  can  be  developed  for  the  axisymmetric  problem.  At 
this  point,  it  is  relevant  to  mention  that  most  of  the  previous  authors  [151,  [47],  [52]9  [481 
have  limited  their  validation  to  simple  control  sequence  typically  a  step  voltage.  It  can 
be  seen  from  this  thesis  that  these  tests  may  not  be  sufficient  to  validate  their  proposed 
dynamic  or  transient  methods. 
In  the  rectangular  problem,  the  unknown  parameters  associated  with  the  eddy 
current  paths  have  been  determined  in  the  previous  chapter  by  fitting  the  simulated 
iron  losses  to  the  finite-element  results  for  a  certain  gap.  The  measurements  provided 
in  this  chapter  however  have  been  provided  for  a  very  different  E-core  design  involving 
a  different  armature  dimension  and  also  a  different  airgap,  length.  From  the  satisfactory 
agreement  obtained  with  the  simulation  results,  it  can  be  concluded  that  the  proposed 
electromagnetic  equivalent  circuit  shown  in  fig.  6.2  for  rectangular  device  is  a  promising CHAPTER  7.  TRANSIENT  AND  STATIC  FORCE  MEASUREMENTS  206 
analytical  technique  for  simulating  the  dynamic  behaviour  of  these  types  of  device. 
The  more  sophisticated  electromagnetic  equivalent  circuit  presented  in  fig.  5.31  for  the 
pot-core  actuator  eliminates  the  inadequate  assumption  of  the  first  model  and  should 
also  be  considered  as  an  equally  promising  and  powerful  technique  for  simulating  the 
dynamic  performance  of  the  solid-iron  axisymmetric  devices. Chapter  8 
Conclusions 
The  magnetostatic  (i.  e.  without  eddy  currents)  and  magnetodynamic  (i.  e.  with  eddy 
currents)  models  presented  in  the  thesis  must  be  seen  as  complementary  design  tools. 
The  magnetostatic  analysis  allows  a  quick  appraisal  of  the  actuator  dimensions  neces- 
sary  to  produce  the  required  force  within  the  constraints  imposed  on  the  dimensions 
and  weight.  A  rough  estimation  of  the  number  of  turns,  switch  size  and  armature  mass 
is  also  possible  by  combining  the  magnetostatic  model  with  an  appropriate  model  of 
the  inverter  as  well  as  the  spring  and  fluid  forces  interacting  with  the  armature  move- 
ment.  The  analytical  fluid  force  model  may  derived  from  a  3D  numerical  analysis 
(finite  or  boundary  elements)  of  the  fluid  flow  around  the  system.  The  effect  of  eddy 
current  generation  can  then  be  assessed  by  replacing  the  magnetostatic  model  with  the 
proposed  magnetodynamic  model  of  the  actuator.  This  process  will  lead  to  a  better 
optimisation  of  the  previously  mentioned  parameters  and  also  to  a  final  choice  of  the 
steel  type. 
This  chapter  summarises  the  findings  of  the  thesis  and  highlights  the  advantages  and 
disadvantages  of  using  the  proposed  analytical  methods  within  a  rapid  computer-aided 
design  tool.  Particular  attention  was  given  to  two  types  of  actuators:  an  axisymmetric 
and  a  rectangular  configuration  with  both  a  flat-faced  armature.  The  applicability  of 
the  findings  to  other  actuator  types  as  well  as  recommendations  for  future  work  are 
also  discussed. 
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8.1  Magnetostatic  Analysis 
208 
Two  methods  have  been  presented  for  the  magnetostatic  analysis  of  solenoid  actuators: 
the  magnetic  equivalent  circuit  in  chapter  2  and  the  magnetic  gauge  curve  in  chapter  3. 
8.1.1  Magnetic  Equivalent  Circuit 
The  Axisymmetric  Problem 
A  detailed  magnetic  equivalent  circuit  of  the  axisymmetric  solenoid  actuator  with  a 
flat-faced  configuration  has  been  presented.  All  the  airgap  paths  were  modelled:  the 
working  airgaps,  the  inner  and  outer  fringing  as  well  as  the  slot  leakage.  A  more 
flexible  model  of  the  fringing  permeance  was  obtained  by  combining  conventional  design 
techniques  and  new  ideas  based  on  conformal  transformations.  The  effect  of  saturation 
was  modelled  by  dividing  the  flux  paths  within  the  iron  in  several  slices.  The  division 
was  refined  in  the  armature  and  the  core  yoke  characterised  by  a  wide  spectrum  of 
saturation  intensities.  The  mmf  drop  in  the  limb  due  to  leakage  was  also  modelled. 
As  the  permeance  expressions  are  all  a  function  of  the  actuator  dimensions  and  do 
not  include  any  correction  factor,  the  magnetic  equivalent  circuit  was  shown  to  be 
relatively  accurate  in  spite  of  dimension  change  within  a  sensible  current  range.  The 
static  force  was  derived  from  the  computation  of  the  coenergy.  A  validation  of  the 
analytical  results  included  a  comparison  of  the  magnetisation  characteristics  and  static 
forces,  for  several  airgap  lengths  and  designs,  with  finite-elements  and  measurcments. 
In  all  cases  a  good  agreement  was  obtained. 
In  order  to  increase  the  range  of  accuracy  to  highly  saturated  devices  (above  2T),  it 
was  proposed  that  the  model  should  also  simulate  the  more  complex  mechanisms  of  dc- 
saturation,  which  mainly  involve  short-circuiting  the  saturated  limbs  by  an  increasing 
proportion  of  flux  through  the  constantly  evolving  outer  fringing  and  leakage  paths.  In 
practice,  a  more  refined  model  of  the  limbs  could  be  implemented  in  which  the  leak-age 
i 
and  outer  fringing  permeances  are  broken  into  several  tube  elements  covering  the  entire 
limb  length.  This  approach  would  also  lead  to  an  increase  in  the  computation  timc  as CHAPTER  8.  CONCLUSIONS  209 
several  simultaneous  iterative  processes  would  then  be  required. 
MEC  as  a  Preliminary  Design  Method  for  Pot-Core  Actuators 
The  development  of  a  magnetic  equivalent  circuit  for  the  magnetostatic  analysis  of 
axisymmetric  solenoid  actuators  could  be  easily  argued.  Indeed,  a  2D  finite  element 
analysis  with  a  well-defined  mesh  density  can  nowadays  reach  a  high  computational 
speed.  Therefore  one  could  easily  imagine  a  link  between  a  finite-element  package  and 
a  preliminary  design  tool.  The  design  developments  would  be  implemented  in  the  CAD 
tool;  the  device  geometry  and  material  properties  would  then  be  transferred  through 
a  software  link  to  the  finite-element  package  leading  to  a  refined  computation  of  the 
magnetisation  characteristics  and  also  static  forces. 
This  is  certainly  an  interesting  option  for  the  magnetostatic  analysis  of  the  axisym- 
metric  solenoid  actuators.  However  the  development  of  the  magnetic  equivalent  circuit 
was  motivated  by: 
1.  The  overall  objective  of  this  project  which  was  the  evaluation  of  the  dynamic  per- 
formance  of  solenoid  actuators  including  armature  movement  and  eddy  current 
generation.  This  could  not  be  accurately  implemented  on  the  post-processing 
results  of  a  magnetostatic  numerical  analysis  (independent  of  its  computational 
speed). 
2.  This  speed  off-set  between  the  numerical  methods  and  the  MEC  is  still  highly 
relevant  for  designers  doing  repeated  design  trials. 
3.  The  magnetisation  curve  and  static  force  results  obtained  from  the  MEC  agree 
within  5%  with  finite-elements  and  measurements.  This  accuracy  is  excellent  for 
a  preliminary  design  evaluation. 
Therefore,  although  the  MEC  can  only  model  the  general  basic  geometric  charac- 
teristics  of  the  actuator,  a  good  understanding  of  the  magnetostatic  performance  of  the 
solenoid  actuator  can  already  be  achieved  with  this  method.  A  more  refined  evaluation 
can  then  be  obtained  with  the  help  of  a  numerical  technique.  The  magnetic  equivalent CHAPTER  8.  CONCLUSIONS  210 
circuit  approach  has  however  an  important  drawback:  high  development  costs. 
MEC  and  Other  Actuator  Types 
The  magnetic  equivalent  circuit  is  in  theory  applicable  to  any  type  of  solenoid  actua- 
tors  [18].  The  good  performance  of  the  MEC  developed  for  the  cylindrical  flat-faced 
armature  type  tends  to  confirm  the  great  potential  of  this  method  for  any  axisymmet- 
ric  solenoid  actuator.  However  the  static  performance  of  some  plunger-type  solenoid 
actuators  may  also  be  significantly  affected  by  local  saturation,  occurring  during  par- 
tial  overlap  between  the  plunger  and  the  core.  In  the  case  of  the  switched  reluctance 
machines,  it  was  shown  that  the  analytical  evaluation  of  these  local  nonlinear  phenom- 
ena  was  rather  difficult.  Therefore  the  accuracy  of  the  MEC  may  be  affected  by  this 
problem. 
The  Rectangular  Problem 
A  similar  magnetic  equivalent  circuit  was  conceived  for  computing  the  magnetostatic 
performance  of  the  E-core  solenoid  actuator.  All  the  airgap,  paths  including  end-effects 
were  modelled  as  well  as  saturation  and  mmf  drop  in  the  limbs  due  to  leakage.  The 
magnetic  effect  of  a  small  variation  between  armature  and  core  width  (increasing  the 
outer  fringing  flux)  was  also  incorporated  in  the  model. 
At  low  saturation,  the  magnetisation  characteristics  and  static  forces  computed 
with  the  MEC  agreed  within  5%  with  3D  finite-element  and  measurement  results. 
However  the  computation  of  the  static  force  based  on  the  magnetisation  characteristics 
significantly  deteriorates  with  saturation  increasing  such  that,  at  the  smaller  validated 
gap  length,  a  difference  of  23%  was  observed  between  the  analytical  and  numerical 
results.  The  static  performance  of  the  rectangular  device  are  more  affected  by  the 
model  weakness  which  is  the  simulation  of  the  interaction  between  flux  paths  in  the 
iron  and  in  the  surrounding  air  (end-effects).  This  is  reflected  in  the  analytical  force 
prediction  at  higher  currents. 
A  more  accurate  analytical  model  of  the  E-core  actuators,  characterised  by  very CHAPTER  8.  CONCLUSIONS  211 
short  stack  lengths,  would  require  a  better  understanding  and  modelling  of  the  end- 
effect  flux  paths  in  the  MEC. 
However,  it  was  shown  that  the  predictions  of  the  MEC  were  significantly  better 
than  with  a  2D  finite-element  analysis  which  certainly  requires  an  end-effect  correction 
factor. 
MEC  as  a  Preliminary  Design  Method  for  E-Core  Actuators 
Although  the  level  of  accuracy  is  not  as  high  as  in  the  pot-core  case,  the  MEC  for  rect- 
angular  solenoid  actuators  is  still  a  valuable  method  for  rapid  computer  aided  design 
considering  the  time  required  for  running  a  31)  finite  elements  analysis.  The  designer 
should  however  be  aware  of  the  margin  of  error  expected  in  the  saturation  region. 
MEC  and  Other  Actuator  Types 
The  E-core  actuator  and  the  U-shape  type  [18,46]  are  the  most  common  fast-acting 
rectangular  solenoid  actuator  configurations.  The  development  of  the  previous  work 
to  a  U-core  solenoid  actuator  would  be  relatively  straightforward.  Also  the  magnetic 
equivalent  circuit  for  both  types  of  actuator  would  share  the  same  advantages  and 
disadvantages:  fast  computation,  good  accuracy  at  low  currents,  characterised  by  a 
decreasing  trend  with  saturation  increasing. 
8.1.2  Magnetic  Gauge  Curve 
The  concept  of  gauge  curve  was  introduced  in  chapter  3.  More  than  a  mathematical 
tool,  it  was  shown  that  the  gauge  curve,  based  on  a  normalised  current  model,  is  an 
efficient  way  to  store  the  magnetic  information  specific  to  the  intermediate  positions 
of  the  moving  part.  The  complete  magnetic  data  of  the  actuator  is  then  restored  by 
evaluating  just  two  magnetisation  curves  corresponding  to  the  minimum  and  maximum 
airgap  lengths,  containing  the  bulk  saturation  information,  and  the  gauge  curve.  It  was CHAPTER  8.  CONCLUSIONS  212 
shown  that  this  method  could  in  principle  be  applied  to  any  type  of  variable  reluctance 
machine. 
For  the  axisymmetric  and  rectangular  solenoid  actuators  with  a  flat-faced  arma- 
ture,  it  was  shown  that  the  gauge  curve  method  could  perform  as  well  as  the  MEC. 
These  results  were  partly  expected  as  the  gauge  curve  was  computed  from  the  MEC 
permeance  elements. 
Although  it  is  not  demonstrated  in  the  thesis,  it  is  very  probable  that  this  method 
would  outperform  the  MEC  if  the  two  magnetisation  characteristics  and  the  gaugc 
curve  itself  were  computed  directly  from  finite-elements.  Only  a  linear  3D  numerical 
analysis  would  then  be  required  for  the  gauge  curve  corresponding  to  the  rectangular 
device  which  would  therefore  include  an  accurate  'picture'  of  the  end  effects. 
Also  this  method  leads  to  an  analytical  expression  of  the  static  force  as  a  function  of 
flux  linkage  and  armature  position,  meaning  an  instantaneous  static  force  evaluation. 
Gauge  Curve  Method  as  a  Preliminary  Design  Method 
From  the  previous  findings,  it  is  clear  that  this  approach  has  great  potential  within  a 
rapid  computer  aided  design  tool  due  to  its  computational  advantages. 
Gauge  Curve  Method  and  Other  Actuator  Types 
The  gauge  curve  method  is  a  general  technique  applicable  to  any  type  of  variable 
reluctance  device.  The  final  expression  of  the  gauge  curve  is  a  function  of  the  magnetic 
characteristics  of  the  actuator  at  its  intermediate  plunger/armature  positions.  In  the 
case  of  the  rectangular  and  axisymmetric  actuators  with  a  flat-faced  armaturc,  the 
gauge  curve  was  reduced  to  a  single  curve,  a  function  of  the  armature  position.  In 
general,  the  gauge  curve  will  depend  on  armature/plunger  position  and  also  flux  link-agc 
(due  to  local  saturation). CHAPTER  8.  CONCLUSIONS 
8.2  Dynamic  Analysis 
213 
The  dynamic  performances  of  solid  iron  or  partly  solid  iron  solenoid  actuators  are 
significantly  affected  by  the  magnetic  damping  caused  by  the  eddy  current  generation. 
For  this  reason  the  analysis  of  eddy  currents  was  limited  to  the  thick  iron  pieces  and 
assumes  an  'ideal'  nonlinear  magnetic  behaviour  within  the  laminated  parts. 
8.2.1  Axisymmetric  Solenoid  Actuator 
The  first  step  in  the  evaluation  of  the  dynamic  model  involved  the  development  of  an 
electromagnetic  model  of  the  flux  and  eddy  current  diffusion  within  an  infinitely  long 
bar  of  solid  iron  (11)  problem).  The  latter  was  directly  derived  from  first  principles 
such  that  the  nonlinear  properties  of  the  material  were  modelled  accurately. 
Based  on  finite-element  results  computed  during  an  impact  excitation,  it  was  pro- 
posed  to  divide  the  actuator  into  closed  flux  tubes  and  associate  to  each  of  them  a 
'layer'  (i.  e.  an  eddy  current  resistance  and  a  nonlinear  inductance)  of  the  diffusion 
network  derived  for  an  infinitely  long  bar.  This  approach  was  physically  valid  as  each 
closed  flux  tube  contained  its  own  eddy  current  loops  in  each  of  the  actuator  subsec- 
tions.  The  eddy  current  resistance  per  layer  was  then  evaluated  analytically  based  on 
the  closed  flux  tube  dimensions  and  steel  resistivity.  The  nonlinear  relationship  be- 
tween  the  flux  linkage  produced  in  each  flux  tube  (layer)  and  the  magnetising  current 
was  retrieved  from  the  static  magnetisation  characteristics  of  the  actuator  by  applying 
a  scaling  factor  to  the  closed  flux  tube  flux  linkage.  This  scaling  factor  was  simply 
the  ratio  of  the  actuator  cross-section  area  to  the  closed  flux  tube  area,  constant  for 
each  actuator  subsection  (limbs,  yokes).  The  relation  between  the  driving  circuit  and 
the  actuator  diffusion  network  was  derived  from  Ampere's  law  and  leads  to  the  samc 
expressions  as  the  ones  relating  the  secondary  to  the  primary  winding  of  a  transformer. 
In  this  case  the  secondary  had  only  one  turn. 
In  order  to  model  more  accurately  the  diffusion  of  the  flux  and  eddy  currcnts 
through  the  iron,  a  quadratic  distribution  of  the  layers  within  the  actuator  was  chosen CHAPTER  8.  CONCLUSIONS  214 
such  that  the  first  layer,  closed  to  the  slot,  was  extremely  thin  leading  to  a  very  high 
iron  resistance.  The  total  number  of  layers  was  deduced  from  computation  and  was 
chosen  as  the  minimum  number  of  layers  leading  to  steady  current  and  force  wave- 
forms.  In  general  the  actuator  dimensions  and  driving  conditions  should  be  taken  into 
account  for  choosing  an  appropriate  value  for  this  variable. 
This  electromagnetic  equivalent  network  for  axisymmetric  actuators  has  many  com- 
putational  advantages: 
1.  The  number  of  equations  for  the  dynamic  analysis  is  reduced  to  Nc  +  2:  the 
mechanical  equation  modelling  the  armature  movement,  the  electrical  equation 
of  the  driving  circuit  and  Nc  equations  for  the  Nc  network  layers. 
2.  The  computation  does  not  require  any  matrix  handling  or  iterative  approach. 
3.  The  evaluation  of  the  magnetising  current  in  each  layer  from  the  corresponding 
flux  linkage  can  be  based  on  the  magnetisation  characteristics  of  the  actuator. 
This  operation  repeated  Nc  times  per  time  step  is  accelerated  by  using  the  gauge 
curve  method. 
4.  A  particular  algorithm  for  evaluating  the  transient  force  was  proposed  with  this 
network  leading  to  a  minimum  data  storage,  a  rapid  computation  and  a  high 
level  of  accuracy. 
5.  Force,  eddy  currents,  total  current  as  well  as  iron  loss  waveforms  can  be  easily 
and  rapidly  retrieved  for  the  network. 
The  proposed  network  is  therefore  a  very  suitable  algorithm  for  rapid-computer  aided 
design. 
During  validation,  several  driving  schemes  were  tested: 
An  impact  excitation 
The  transient  analytical  current  and  flux  linkage  (or  induced  voltage)  waveforms 
were  compared  with  transient  finite-elements  and  measurements  and  lead  to  a CHAPTER  8.  CONCLUSIONS  215 
good  agreement  in  both  cases.  Various  step  voltages  and  airgap  lengths  wcrc 
tested.  In  the  measurements,  the  step  voltages  were  relatively  low  duc  to  a 
winding  temperature  rise  which  limited  the  eddy  current  generation.  Ilowcvcr, 
in  the  finite-element  comparison,  the  step  voltage  was  set  to  90V,  leading  to  a 
significant  amount  of  eddy  currents. 
A  dynamic  sequence 
The  sequence  included  an  impact  excitation  with  current  control  followed  by  a 
free-wheeling  period  before  switching  off.  The  comparison  was  obtained  using 
finite-elements.  Current,  total  eddy  current,  force  and  armature  displacement 
waveforms  formed  the  basis  of  the  discussion.  It  was  observed  that  while  the 
current  was  still  flowing  in  the  winding,  both  simulations  agreed  well  in  terms  of 
current,  force  and  displacement.  Although  the  general  trends  were  respected,  the 
analytical  model  lead  to  a  larger  generation  of  eddy  currents.  During  the  switch- 
off  period,  a  large  discrepancy  in  the  force  prediction  could  also  be  observed  as 
soon  as  the  current  dropped  to  zero.  The  analytical  simulation  gave  a  force  decay 
response  which  was  too  slow.  Based  on  finite-element  results,  it  was  shown  that 
both  problems  were  linked  to  a  previous  assumption:  the  division  of  the  actuator 
into  closed  flux  tubes  leading  to  a  single  diffusion  network  for  the  entire  actuator. 
A  transient  test 
This  test  involved  a  step  voltage,  a  fixed  duty  cycle  control  following  by  a  free- 
wheeling  period  before  switching  off.  The  simulation  results,  comparcd  with 
the  measurement  data,  included  the  current  and  force  waveforms  and  mainly 
confirmed  the  conclusions  deduced  from  the  previous  validation. 
Therefore  this  electromagnetic  equivalent  circuit  is  only  valid  for  modelling  inipact 
excitations.  However  it  was  shown  that  relevant  design  information  could  already 
be  retrieved  from  the  computation  of  this  network  such  as  a  comparison  of  different 
material  performance,  an  evaluation  of  the  armature  dimension  or  the  number  of  turns. 
An  accurate  evaluation  of  the  magnetic  damping,  under  any  driving  conditions,  requires 
a  more  complex  circuit  representation  of  the  actuator  dynamic  characteristics. CHAPTER  8.  CONCLUSIONS  216 
In  order  to  accurately  evaluate  the  eddy  currents,  it  was  concluded  that  the  airgap 
permeances  should  be  removed  from  the  diffusion  network  and  stand  as  separate  ele- 
ments  in  the  equivalent  circuit.  In  this  case,  the  amount  of  ampere-turns  available  for 
magnetising  the  iron  or  generating  eddy  currents  is  then  equal  to  the  total  amount  pro- 
vided  by  the  source  (which  was  the  case  with  the  first  network),  less  the  ampere-turns 
required  for  magnetising  the  airgaps. 
In  order  to  solve  the  flux  decay  discrepancy  it  was  concluded  that  the  electromag- 
netic  equivalent  circuit  should  give  more  flexibility  to  the  flux  path  direction  varying 
with  the  imposed  driving  conditions.  A  modified  electromagnetic  equivalent  circuit  was 
then  proposed.  This  network  included  two  diffusion  networks,  one  for  the  armature 
and  one  for  the  core.  Both  are  connected  in  parallel  with  the  main  airgap  and  fringing 
permeances,  and  connected  in  series  with  a  total  leakage  permeance.  Although  these 
modifications  are  logical,  the  new  network  configuration  has  not  been  validated  as  such 
and  is  therefore  a  recommendation  for  future  work. 
Other  Actuator  Types 
Based  on  these  findings,  similar  development  should  be  possible  for  any  configuration 
of  axisymmetric  solenoid  actuators.  The  computation  of  the  iron  resistance  for  each 
diffusion  network  should  be  relatively  straightforward  as  eddy  currents  are  flowing  in 
well-defined  circular  loops.  The  support  of  a  transient  finitc-element  analysis  is  however 
recommended  during  the  development  of  the  analytical  model. 
Depending  on  the  required  level  of  accuracy,  more  refined  models  could  be  devcl- 
oped  by  dividing  the  actuator  iron  sections  into  more  pieces,  each  rcprcscntcd  by  a 
different  diffusion  network.  Based  on  this  approach,  a  more  refined  airgap  pcrlnctncc 
distribution  can  therefore  be  considered.  However  such  an  approach  would  automati- 
cally  lead  to  a  slower  and  more  complex  computation  algoritlim. 
A  Preliminary  design  Method 
This  method  is  certainly  a  relevant  analytical  technique  for  rapid  computer-aided  dy- 
namic  analysis  as  it  models  accurately  the  nonlinear  magnetic  material  properties,  the CHAPTER  8.  CONCLUSIONS  217 
entire  actuator  geometry  and  dimensions.  It  also  simulates  the  generation  of  eddy 
currents  dues  to  any  driving  conditions  as  well  as  their  variation  caused  by  armature 
movements.  Transient  force  and  eddy  current  loss  can  also  be  retrieved  easily. 
8.2.2  Rectangular  Solenoid  Actuator 
Based  on  the  experience  gained  from  the  axisymmetric  problem,  a  similar  approach 
was  followed  in  order  to  evaluate  the  dynamic  performance  of  rectangular  solenoid 
actuators.  However,  the  eddy  currents  were  neglected  in  the  laminated  core  compared 
to  those  generated  in  the  solid  iron  armature  (at  the  origin  of  the  magnetic  damping). 
An  electromagnetic  equivalent  network  of  the  rectangular  actuator  was  proposed 
and  included  a  diffusion  network  for  the  armature  and  a  series  of  linear  and  nonlinear 
permeances  for  modelling  the  iron  core  sections  and  surrounding  airgap  paths.  It  was 
found  that  this  network  required  an  iterative  algorithm,  slowing  down  its  computation. 
The  evaluation  of  the  diffusion  network  elements  was  obtained  by  dividing  the 
armature  into  flux  tubes  and  approximating  the  eddy  current  paths  in  each  of  them. 
This  task  was  relatively  difficult  due  to  the  presence  of  end-effects  affecting  both  eddy 
current  and  flux  paths  and  was  achieved  with  the  'visual'  support  of  a  transient  3D 
finite-element  solution  corresponding  to  an  impact  excitation,  computed  at  a  fixed 
airgap  length. 
Although  some  simplifications  were  introduced  in  the  armature  diffusion  model,  it 
appeared  that  the  eddy  current  paths  were  still  a  function  of  an  unknown  parameter 
xAstk,  significantly  affecting  the  magnitude  of  eddy  current  resistances  as  well  as  their 
relative  variation  in  the  successive  layers.  An  evaluation  of  this  parameter  was  easily 
obtained  by  tuning  the  analytical  prediction  of  the  iron  loss  waveform  with  the  finite- 
element  solution  computed  for  an  impact  excitation.  This  parameter  was  derined  as  a 
function  of  the  armature  depth. 
During  this  development  it  was  also  found  that  the  inner  fringing  flux  could  not  flow 
through  the  armature  due  to  the  high  eddy  current  and  flux  density  in  the  armature CHAPTER  8.  CONCLUSIONS  218 
layers  above  the  slot.  It  was  concluded  that  the  inner  fringing  permeance  should  be 
replaced  by  an  equivalent  leakage  element,  short-circuiting  the  armature.  Although 
this  has  not  been  demonstrated,  this  assumption  should  not  greatly  affect  the  steady 
state  prediction  of  the  network  as  the  inner  fringing  flux  is,  in  steady  state,  negligible 
compared  to  the  other  airgap  flux. 
Based  on  these  assumptions,  a  good  agreement  was  obtained  for  the  transient  cur- 
rent  and  force  waveforms  computed  with  the  electromagnetic  equivalent  circuit  and 
3D  finite-elements.  In  this  approach,  the  eddy  current  paths  and  therefore  resistances 
per  layer  are  implicitly  assumed  to  be  a  function  of  the  armature  dimensions  and  not 
the  driving  conditions.  This  property  could  be  observed  in  the  transient  finite-element 
results  obtained  for  the  axisymmetric  actuator.  The  transient  analytical  current  and 
force  waveforms  corresponding  to  a  different  actuator  design  and  airgap  length  were 
compared  with  measurement  data  and  lead  to  a  good  agreement. 
So  far  the  results  obtained  in  the  thesis  tend  to  demonstrate  that  this  method  has 
some  great  potential  for  computing  the  dynamic  performance  of  rectangular  solenoid 
actuators.  The  model  development  is  however  relatively  tedious,  and  although  an 
iterative  algorithm  is  required  for  solving  the  equivalent  circuit,  the  proposed  model 
is  significantly  faster  than  a  time-stepping  3D  finite  element  analysis.  The  support  of 
the  latter  was  however  essential  in  the  construction  of  the  armature  model. 
More  validation  has  still  to  be  provided  in  order  to  establish  real  confidence  in  the 
applicability  of  this  dynamic  model  for  rectangular  solenoid  actuators.  In  particular 
the  field  of  validation  should  include  various  driving  conditions,  different  airgap  lengths 
and  armature  dimensions.  It  should  also  be  noted  that  the  proposed  armature  model 
is  a  simplified  2D  model  of  a  3D  complex  diffusion  problem.  New  ideas  for  a  more 
accurate  and  practical  evaluation  of  the  eddy  current  resistances  could  also  be  sought. Appendix  A 
Double  Salient  Rotary  Machine 
The  evaluation  of  a  gauge  curve  for  switched  reluctance  machines  is  at  the  other  end 
of  the  'difficulty  scale'.  Their  complex  nonlinear  magnetic  behaviour  makes  them  a 
very  good  complementary  test  to  the  gauge  curve  application,  from  which  the  case  of 
'intermediate'  devices  (e.  g.  plunger  type  actuator)  may  be  more  easily  extrapolated. 
A.  1  Gauge  Curve  for  SR  Machines 
The  gauge  curve  analysis  for  SR  motors  is  demonstrated  on  a  set  of  magnctisation 
curves  obtained  by  measurement  on  a4  phase  8/6  SR  motor.  The  main  characteristics 
of  this  conventional  machine  are  stated  in  table  A.  1.  Based  on  the  general  theory,  the 
gauge  curve  for  the  given  SR  motor  is  evaluated  graphically  by  computing  eq.  (3.1)  at 
several  constant  flux  linkages.  The  result  of  this  operation  is  given  in  fig  A.  1. 
The  normalised  current  is  a  complex  function  of  both  rotor  position  and  flux  linkage 
in  the  case  of  the  SR  motor.  However  equation  (3.3)  shows  that,  at  very  low  flux 
linkage,  the  gauge  curve  can  be  approximated  with  fair  accuracy  as  a  function  of  the 
total  airgap  permeance  only.  This  particular  curve  which  is  labelled  'reference  curve' 
on  fig.  A.  1  corresponds  therefore  to: 
11 
IN(Oilk) 
ý 
IN(O)  ý 
pgtot  (0) 
p9tot  (0u)  l'Otot(Oa) 
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Stator  outer  diameter  (mm)  120.7 
Stator  slot-bottom  diameter  96.8 
Rotor  outer  diameter  60.0 
Rotor  slot-bottom  diameter  43.2 
Air  gap  0.3 
Shaft  diameter  25.4 
Stack  length  75 
Stator  pole  arc  22.6 
Rotor  pole  arc  23.0 
Steel  29GM19 
Turns  per  pole  38 
Table  A.  1:  8/6  Switched  Reluctance  Motor  Data. 
where  0  defines  the  rotor  position. 
By  increasing  the  flux  linkage,  this  curve  changes  position  due  to  an  mmf  drop 
occurring  in  the  iron  which  is  different  from  the  bulk  saturation.  The  origin  of  this 
mmf  drop  is  analysed  by  substracting  the  content  of  the  reference  curve  from  the  other 
curves.  The  result  of  this  operation  is  plotted  on  fig  A.  2  where  every  curve  is  still 
defined  at  constant  flux  linkage. 
It  is  observed  in  fig  A.  2  that: 
1.  The  greatest  change  in  normalised  current  occurs  over  a  relatively  small  rangc  of 
rotor  positions;  this  range  being  characterised  by  a  relatively  small  overlap. 
2.  The  number  of  positions  affected  by  this  mmf  drop  increases  with  the  flux  linkage 
level. 
The  variation  of  the  gauge  curve  with  flux  linkage  reflects  therefore  the  local  sat- 
uration  occurring  at  the  poles  as  they  partially  overlap.  Due  to  a  largc  fringing  cffect 
around  the  pole  tips,  the  magnetic  overlapping  starts  slightly  carlier  than  the  physical 
one  and  is  also  completed  earlier.  The  bulk  saturation  occuring  in  the  stator  and  rotor 
yoke  has  been  removed  from  (3.3)  as  this  is  a  common  mmf  drop  for  any  position  at 
constant  flux  linkage. APPENDIXA.  DOUBLE  SALIENT  ROTARY  MACHINE  221 
Magnetic  Circuit 
A  magnetic  equivalent  circuit  has  been  developed  to  model  the  mmf  drop  in  the  poles 
of  the  given  motor.  For  this  purpose,  eq.  (3.3)  is  modified  as  follows: 
INi(Xi 
pgtot(0i)  -p-g-t.  -t  (Ö.  j 
(A.  2)  1-1+  0￿)  -  1)  rj  H￿j  1.  j1,0'  pgtot(0.  )  Pgtot  (0a) 
where  I,  (,  j  is  defined  as  a  local  saturation  coefficient  given  by: 
K;  i  (0,  Oi)  -- 
rj  Hij  lij 
(A.  3)  r, 
j  H«i  1.  j' 
defined  at  constant  flux  linkage.  In  (A.  2),  the  mmf  drop  in  the  poles  at  the  aligned  po- 
sition,  divided  by  the  total  flux,  is  approximated  by  using  the  geometric  characteristics 
of  the  motor: 
4  la 
Hai  lai/O 
(ýIAp)  AP" 
(A.  4) 
where  la  is  chosen  as  the  average  of  the  stator  and  rotor  pole  lengths,  Ap  the  smallest 
I  iron  cross-section  between  stator  and  rotor  poles  .  jz(01A.  )  is  the  absolute  permeabil- 
ity  computed  from  the  iron  BH  characteristic.  The  computation  of  the  total  airgap 
permeance  Pgtot(Oi)  is  deduced  from  the  measurement  set  at  very  low  flux  linkage,  by 
assuming  an  infinite  permeability  in  the  iron. 
Computation  of  Ksi 
The  computation  of  the  local  saturation  coefficient  Ksi  is  the  core  of  this  problem. 
The  SR  motor  poles  are  divided  into  three  regions  in  which  the  mmf  drop  is  scparately 
computed  (see  fig  A.  3). 
Region  I.  The  mmf  drop  at  any  intermediate  position  is  computed  as  follows: 
Hii  Iii  =  1,  ( 
0  Prop 
)  (la  -  lyp),  (A.  5)  NAp 
where  N  is  twice  the  number  of  turns  per  pole  (connection  in  series)  and  11,1, 
the  distance  between  Y  and  P.  The  magnetic  field  II  is  computed  from  the  Bll 
'For  simplification,  the  stack  factor  &A;  has  been  neglected  in  the  computation  of  the  gauge  curve 
but  could  be  easily  introduced  by  replacing  Ap  with  Ftk  Ap. APPENDIXA.  DOUBLE  SALIENT  ROTARY  MACHINE 
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Figure  A.  2:  Nonlinear  contribution  in  the  measured  gauge  curve. APPENDIXA.  DOUBLE  SALIENT  ROTARY  MACHINE  223 
characteristic.  The  function  Prop  is  given  on  fig.  A.  4  and  simulates  the  effect  of 
the  slot  leakage  as  a  function  of  position. 
Region  II.  The  average  magnetic  field  length  starts  within  region  II  at  P2  at  half  pole  width, 
and  finishes  with  P3  whose  position  varies  with  the  rotor  position  and  is  defined 
by  the  function  Wp  (equal  to  YP3).  The  mmf  drop  in  region  II  is  computed  by 
replacing  the  line  P2P3  by  several  arc  sections  of  different  radii: 
?p  Prop  (lYP3 
-  IYP2)  k  Al 
HiII  IiII  II(-7ýA-)  (IYP2  +  (A.  6) 
k 
Nections  Nection 
where  Nsections  gives  the  number  of  sub-sections  in  region  II,  lypi  defines  the 
distance  between  Y  and  Pi,  and  Al  corresponds  to  the  angle  beween  YP2  and 
YP3. 
Region  III.  Compared  to  the  two  previous  regions,  the  analysis  of  region  III  is  relatively 
complex  and  is  based  on  a  series  of  assumptions. 
If  the  effective  overlap  is  first  assumed  equal  to  the  physical  overlap  (no  fring- 
ing  effect),  the  area  of  possible  local  saturation,  at  a  given  rotor  position,  is 
approximated  by  a  triangle  YPT  [57]  (see  fig.  A.  3  )  whose  : 
-  base  Ax  is  equal  to  the  partial  overlap  existing  at  this  position  , 
-  and  hypotenuse  (YT)  is  equal  to  Ap. 
The  choice  of  Ap  as  the  hypotenuse  of  the  triangle  of  local  saturation  results  from 
the  fact  that  the  local  saturation  means,  in  this  context,  a  higher  saturation  than 
the  one  obtained  at  the  aligned  position  for  the  same  flux  linkage.  Therefore 
considering  the  total  flux  flowing  through  the  hypotenuse  of  the  triangle,  the 
latter  should  be  either  less  than  Ap  for  small  flux  level  (no  saturation  at  the 
aligned  position  )  or equal  to  Ap  for  high  flux  level  (with  saturation  at  thealigned 
position). 
The  computation  of  Ksi  also  requires  the  evaluation  of  an  average  magnetic  field 
path  within  the  triangle  (line  P3P4  in  fig.  A.  3).  This  path  varies  within  the 
triangle  as  a  function  of  rotor  position  0  and  also  flux  level  0.  But  the  difficult 
task  is  simplified  by  assuming  that: APPENDIXA.  DOUBLE  SALIENT  ROTARY  MACHINE 
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Figure  A.  3:  Model  of  the  local  saturation  at  the  pole  tips APPENDIXA.  DOUBLE  SALIENT  ROTARY  MACHINE 
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Figure  A.  4:  Variation  of  variables  Wp,  Overlap,  Prop  with  rotor  position  0 APPENDIXA.  DOUBLE  SALIENT  ROTARY  MACHINE  226 
-  There  is  no  variation  due  to  flux  level. 
-  The  path  is  approximated  by  an  arc;  its  centre,  corresponds  to  Y  in  fig.  A.  3 
and  its  radius  Wp  (equal  to  YP3)  varies  continuously  from  one  rotor  position 
to  another. 
The  computation  of  Wp  is  such  that: 
Approaching  the  aligned  rotor  position,  the  value  of  Wp  converges  to  half 
of  the  pole  width. 
The  unaligned  rotor  position  (0,,  )  is  characterised  by  a  symmetric  flux  dis- 
tribution  between  two  rotor  poles  for  one  stator  pole. 
When  the  rotor  moves  from  the  unaligned  position  to  the  aligned,  P3  is  assumed 
to  move  from  point  T  towards  the  middle  of  the  hypotenuse,  giving  a  variation 
of  arc  length  within  the  triangle  as  a  function  of  rotor  position.  The  resulting 
variation  of  Wp  with  rotor  position  is  given  in  fig.  A.  4. 
The  triangles  of  saturation,  defined  in  the  four  active  poles  (2  stator  and  2  rotor 
poles)  are  also  assumed  to  be  exactly  the  same.  This  choice  is  partly  justified 
by  the  nearly  similar  width  of  the  stator  and  rotor  poles  in  SR  motors.  The 
computation  of  mmf  drop  within  the  triangle  is  obtained  by  dividing  the  triangle 
into  sub-sections  defined  by  the  lines  ak,  ak  +  1.  These  lines,  multiplied  by 
the  stack  length  Lstk,  are  equivalent  in  the  model  to  cross-sections  Ak,  A+1 
through  which  the  flux  is  flowing.  The  smallest  area  Ax  is  defined  either  by  the 
overlap  for  this  position  when  the  average  magnetic  field  path  (P3P4)  reaches 
the  base  of  the  triangle  or  by  the  intersection  of  the  arc  with  the  triangle  side 
(YP)  for  one  end  and  T  for  the  other  end.  The  value  of  magnetic  field  Hi  in  each 
sub-section  is  evaluated  from  the  BH  curve  by  computing  the  corresponding  flux 
density  Bk  as: 
Bk  :  --  -0-0  (A.  7) 
ak  Lstk  ý-  ýik 
The  associated  length  Ii  (for  computing  the  mmf  drop)  corresponds  to  the  arc 
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The  overlap  is  a  continuous  function  of  rotor  position.  It  should  also  reflect  the 
fact  that  the  effective  overlap  starts  before  the  physical  overlap.  The  chosen 
function  for  simulating  the  variation  of  overlap  is  shown  in  fig.  A.  4. 
Similarly,  the  quantity  of  flux  flowing  through  the  triangle  varies  with  position. 
For  this  reason,  a  fringing/leakage  function,  called  Prop,  has  been  defined  (see 
fig.  AA  )  which  varies  with  position. 
The  three  functions  Wp,  prop,  Ax  are  the  only  three  variables  which  have  been 
considered  for  fitting  the  gauge  curve  model  to  the  measured  one.  The  result  is 
shown  on  figure  A-5,  while  the  computed  saturation  factor  is  given  in  fig.  A.  6  . 
The  computed  magnetisation  curves,  based  on  this  model  and  on  the  knowledge  of 
the  aligned  and  unaligned  magnetisation  curves,  are  compared  with  the  measured 
ones  on  fig.  A.  7.  The  satisfactory  agreement  between  the  computed  magnetisation 
curves  and  the  measurements  tends  to  demonstrate  that  the  highly  nonlinear 
magnetic  behaviour  is  then  due  to  the  saturation  at  the  pole  tips.  However,  in 
order  to  use  such  a  model  for  any  design  of  SR  machines,  the  fitted  functions 
Wp,  Prop,  Overlap  should  be  replaced  by  analytical  expressions  varying  with 
the  geometry  and  BH  characteristics  of  the  motor.  Realistically  this  task  is  too 
difficult  to  be  considered  seriously. 
A.  1.2  Piecewise  Polynomial  Interpolation 
In  this  section,  the  gauge  curve  is  modelled  by  using  piecewise  polynomial  equations. 
The  gauge  curve  has  been  divided  into  5  sections  as  shown  in  fig.  A.  8  where  sections  II, 
III,  IV  correspond  to  the  magnetic  overlap.  The  gauge  curve  is  fitted  in  these  sections 
with: 
INj  (0,0)  =a  (0)  03  +  b(O)  0'  +  c(O)  0+  d(?  P)  (A.  8) 
and  in  sections  I,  V  the  computation  of  the  gauge  curve  is  based  on  eq.  (A.  1). 
The  computation  of  the  gauge  curve  requires  the  minimum  following  information: APPENDIXA.  DOUBLE  SALIENT  ROTARY  MACHINE 
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Figure  A.  6:  Computed  Saturation  Factor  Ksi  at  Different  Flux  Linkages APPENDIXA.  DOUBLE  SALIENT  ROTARY  MACHINE 
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Figure  A.  7:  Magnetisation  curves  for  the  8/6  SIR  motor  obtained  from  the  gauge  curve 
model  and  compared  with  measurements 
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Figure  A.  8:  Gauge  curve  division  for  polynomial  curve  fitting APPENDIXA.  DOUBLE  SALIENT  ROTARY  MACHINE  230 
Section  RO-R1  and  R4-R5. 
The  gauge  curve  at  rotor  position  RO  is  equal  to  1  and  its  slope  can  be  approxi- 
mated  to  be  0. 
Similarly  the  gauge  curve  at  position  R5  is  equal  to  0  and  its  slope  can  be  ap- 
proximated  to  be  0. 
At  the  rotor  positions  R1  and  R4,  the  gauge  curve  can  be  approximated  with 
only  one  value  if  the  positions  are  chosen  just  outside  the  effective  overlap.  Their 
slope  computation  requires  the  evaluation  of  the  gauge  curve  at  2  different  but 
close  positions  e.  g.  R1  and  Rl-SR1  (R4  and  R4+SR4). 
At  R2  and  R3 
The  entire  magnetisation  curve  is  required  at  each  of  these  positions  as  well 
as  at  R2+8  R2  (or  R2-SR2)  and  at  R3+M3  (or  R3+JR3)  for  computing  the 
corresponding  slope. 
Fig.  A.  7  shows  the  magnetisation  curves  evaluated  from  the  piecewise  analytical 
gauge  curve  in  dashed  lines.  The  method  has  been  also  tested  on  a3  phase  6/4  SR 
motor  and  fig.  A.  9  gives  a  satisfactory  agreement  which  could  probably  be  improved 
by  optimising  the  choice  of  rotor  positions  R1,  R2,  R3,  R4. 
The  piecewise  polynomial  approximation  for  INi  requires  then  more  magnetic  infor- 
mation  than  the  model  presented  by  Miller  [37];  but  a  higher  level  of  accuracy  is  also 
expected  when  computing  the  intermediate  magnetisation  curves  and  also  the  static 
torque. APPENDIXA.  DOUBLE  SALIENT  ROTARY  MACHINE 
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Figure  A.  9:  Magnetisation  characteristics  for  3  phase  6/4  SR  motor.  FEA  (dotted  lines), 
gauge  curve  method  (solid  lines). 
A.  2  Magnetostatic  Torque  Computation 
The  slope  continuity  between  two  successive  curve  sections  is  important  for  computing 
the  static  torque  Te,  which  is  based  on  the  same  formulation  as  developed  for  solenoid 
actuators  (section  3.2.3).  Depending  on  the  rotor  position  however,  the  gauge  curve  is 
expressed  differently  such  that: 
9  In  the  effective  overlap  position  range: 
Te  =- 
aNi(o,  0) 
(1.  (0)  -  1.  (0»  d0,  (A.  9) 
10 
00 
in  which  INj  is  replaced  with  (A.  8)  and  differentiated  in  function  of  0: 
0 
Te=  - 
10 
(3  a  (0)  02  +2  b(0)  0+  c(%b»  (1￿  (0)  -  Tý  (0»  d0,  (A.  10) 
A  complete  analytical  force  computation  would  require  an  analytical  approxima- 
tion  for  both  aligned  and  unaligned  magnetisation  characteristics  [37,22,25]. APPENDIXA.  DOUBLE  SALIENT  ROTARY  MACHINE 
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Figure  A.  10:  Simplified  rotor  position  detection  scheme  for  SR  motors 
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*  Outside  the  effective  overlap  position  range,  the  gauge  curve  is  only  a  function 
of  0  and  the  magnetostatic  torque  is  computed  from: 
Te  _OINi(O)  1,,  (0))  do. 
00 
fo 
A.  3  Rotor  Position  Detection  Scheme 
Although  it  is  not  demontrated  here,  the  polynomial  approximation  of  the  gauge  curve 
may  also  give  new  opportunities  for  improving  high-grade  position  estimation  (and 
detection)  scheme  based  on  the  knowledge  of  the  magnetisation  data  [38].  The  appli- 
cation  of  the  gauge  curve  would  lead  in  this  case  to  a  drastic  decrease  in  the  required 
amount  of  stored  information.  Indeed  the  analytical  gauge  curve  gives  a  direct  access 
to  the  magnetic  data  1(0,0)  and  aJso  to  1-1-.  The  computation  speed  would  also  be 
dO 
improved  which  is  an  important  issue  for  real-time  implementation. 
An  example  of  possible  rotor  detection  algorithm,  based  on  the  gauge  curve,  is  given APPENDIXA.  DOUBLE  SALIENT  ROTARY  MACHINE  233 
in  fig.  A.  10.  The  scheme  includes  the  following  steps: 
1.  At  every  sampling  time,  the  flux  linkage  0,  is  computed  from  the  measured 
voltage  V,,  and  current  1,,  (R  being  the  total  circuit  resistance). 
2.  Then  at  0,  the  magnetisation  currents  (1.,  1,,,  )  are  computed  from  the  known 
magnetisation  curves  corresponding  to  the  aligned  and  unaligned  positions. 
3.  The  normalised  current  INi(O,,  0,  )  is  then  evaluated  from  the  known  piecewise 
gauge  curve  model  with  a  predicted  value  of  the  rotor  position  Op. 
4.  From  eq.  (3.1),  an  estimated  current  I,  is  computed  and  the  difference  between 
1,  and  I..  is  introduced  in  the  position  corrector  scheme,  leading  to  a  corrected 
2 
value  of  rotor  position  Op  =  0, 
. 
2This  scheme  could  be  based  on  (ff')  estimated  at  Oc  and  at  Op  as  it  can  be  directly  derived  from  08 
the  gauge  curve. Appendix  B 
Publications 
Only  two  papers  have  been  published  on  the  material  presented  in  this  thesis. 
9  The  first  one  entitled  "The  Application  of  Magnetic  Gauge  Curves  to  Lin- 
ear  Motion  Solenoid  Actuators  and  Rotary  Doubly  Salient  Reluctance 
Machines"  was  presented  last  September  at  the  International  Conference  on 
Electric  machines  (ICEM'98)  organised  in  Istanbul.  The  author  is:  M.  Piron. 
*  The  second  one  entitled  "Rapid  Computer-Aided  Design  Method  for  Fast- 
Acting  Solenoid  Actuators"  was  presented  last  October  at  the  IEEE  Industry 
Application  sociaty  (1AS)  at  St.  Louis,  US.  This  paper  is  also  scheduled  for  pub- 
lication  in  the  IEEE  transactions,  Sept.  /Oct.  1999.  The  authors  are:  M.  Piron, 
P.  Sangha,  G.  Reid,  T.  J.  E.  Miller,  D.  Ionel,  J.  Coles. 
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